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SUMMARY 
A combined ana ly t i ca l  and  expe r imen ta l  s tudy  i s  made of the  e igen -  
va lue  dens i ty  and  the cumulat ive number of  e igenvalues  of  a t h i n  
c i r c u l a r  c o n i c a l  s h e l l .  The i n v e s t i g a t i o n  is d i rec ted   toward   the  
development of e x p r e s s i o n s  t h a t  c a n  b e  u s e d  e a s i l y  i n  f i n d i n g  t h e  
e igenvalue  dens i ty  and  number of e igenvalues  of a c o n i c a l  s h e l l  w h i c h  
are a p p l i c a b l e  to  a wide  range  of  cone .geometr ies ,  and  which  a re  va l id  
ove r  a f r equency  r ange  su f f i c i en t ly  wide  to  be  o f  eng inee r ing  va lue .  
This i s  accomplished by apply ing  wave  number s p a c e  i n t e g r a t i o n  t e c h -  
n iques  and  numer ica l  p rocedures  to  obta in  express ions  for  the  e igen-  
va lue  d i s t r ibu t ion  func t ion  based  on  two separa te  f requency  equat ions  
a p p r o p r i a t e   t o   t h i n   c o n i c a l   s h e l l s .  The e x p r e s s i o n s   o b t a i n e d   a r e  
normalized with respect  to  cone geometry,  and presented for  the fre-  
quency range below the lower ring frequency and above the upper ring 
frequency of the cone. 
The experimental  arrangement  used to  determine the resonant  
f r e q u e n c i e s  o f  t h e  c o n i c a l  s h e l l s  examined i s  descr ibed,  and the 
r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  a r e  p r e s e n t e d  i n  t a b u l a r  and g r a p h i c a l  
form,  The r e s u l t s  of t h e  a n a l y t i c a l  work a r e  a l s o  p r e s e n t e d  a l o n g  
wi th  the  exper imenta l  da ta  for  easy  compar ison .  
Excel lent  agreement  i s  obtained between the analyt ic  and the ex-  
p e r i m e n t a l   r e s u l t s .  It i s  conc luded   t ha t   t he   exp res s ions   p re sen ted  
fo r  t he  cumula t ive  number of e igenva lues  and  the  e igenva lue  dens i ty  a re  
a p p l i c a b l e  o v e r  a wide range of cone geometries,  and frequency ranges 
of p r a c t i c a l  interest. The r e su l t s   r ep resen t   computa t iona l   p rocedures  
of cons ide rab le  eng inee r ing  va lue .  
ix 
1. INTRODUCTION 
The concept of t he  dens i ty  o f  e igenva lues ,  o r  r e sonan t  f r equenc ie s  
a s  t h e y  a r e  u s u a l l y  r e f e r r e d  t o  i n  s t r u c t u r e s ,  arises from t h e  f a c t  
t h a t  any  con t inuous  s t ruc tu re  posses ses  an  in f in i t e  number o f  n a t u r a l  
modes o f  v i b r a t i o n .  F o r  t h i s  r e a s o n  i t  i s  sometimes  convenient  to 
i n t roduce   t he   concep t   o f  modal o r  e i g e n v a l u e  d e n s i t y .  The e igenvalue  
d e n s i t y  is  e s s e n t i a l l y  t h e  d e n s i t y  o f  r e s o n a n t  f r e q u e n c i e s  of n a t u r a l  
v i b r a t i o n  w i t h  r e s p e c t  to frequency. I t  i s  t h e r e f o r e  a n  i n d i c a t i o n  of 
t he  spac ing  o f  t he  r e sonan t  f r equenc ie s  in  the  f r equency  domain. 
When d e a l i n g  w i t h  s t r u c t u r e s  e x c i t e d  i n  a v e r y  complex, o r  random 
fashion,  i t  i s  o f t e n  n o t  o n l y  u s e f u l  b u t  n e c e s s a r y  t o  r e s o r t  t o  
s t a t i s t i c a l  methods to  de t e rmine  the  r e sponse  o f  t he  s t ruc tu re  to  such  
l o a d i n g .   I n   o r d e r   t o   e f f e c t i v e l y   u s e   t h e   s t a t i s t i c a l   e n e r g y  method 
d e s c r i b e d  i n  some d e t a i l  by  Ungar  (1966)  and  Smith  and Lyon (1965) i t  
is  n e c e s s a r y  t o  know c e r t a i n  p r o p e r t i e s  r e g a r d i n g  t h e  s t r u c t u r a l  geom- 
etry being examined.  One of  these propert ies  which must  be known i s  
the   e igenva lue   dens i ty .   The re fo re   i n   o rde r   t o   app ly  a s t a t i s t i c a l  
type  o f  a n a l y s i s  t o  a s t ruc tu ra l  r e sponse  p rob lem i t  i s  necessary to  
kn.ow the   e igenva lue   dens i ty   o f   t he   bas i c   s t ruc tu ra l   e l emen t s .   Bas i c  
components  such  as beams, r e c t a n g u l a r  and c i r c u l a r  p l a t e s ,  c y l i n d e r s ,  
and  spheres  have  been  handled  successfu l ly  in  the  l i t e ra ture  (Smi th ,  
and Lyon, 1965;  Bolotin,  1963; Miller and  Hart,  1967).  The  problem  of 
composi te   s t ructures   has   a lso  been  examined . However, the  problem  of 1 
1 Hart,  F. D. and V. D. Desai.   1967.  Additive  properties  of  modal 
d e n s i t y  f o r  c o m p o s i t e  s t r u c t u r e s .  P r e s e n t e d  a t  t h e  7 4 t h  M e e t i n g  o f  t h e  
Acoustical   Society  of  America,  Miami, Fla . ,   Paper  No. DD 11. Dept.  of 
Mechanical and Aerospace Engineering, North Carolina State University 
a t  Raleigh, N. C. 
t h e  e i g e n v a l u e  d e n s i t y  o f  a c o n i c a l  s h e l l  i s  here tofore  unreso lved .  
S i n c e  t h e  c o n i c a l  s h e l l  i s  a v e r y  common s t r u c t u r a l  e l e m e n t  i t  would 
seem t h a t  t h i s  problem  deserves some a t t e n t i o n .  It i s  t h e r e f o r e   t h e  
purpose of t h i s  pape r  t o  ob ta in  an  expres s ion  fo r  t he  e igenva lue  den -  
s i t y  o f  a t h i n  c i r c u l a r  c o n i c a l  s h e l l .  
Two s e p a r a t e  b u t  s i m i l a r  f r e q u e n c y  e q u a t i o n s  f o r  a c o n i c a l  s h e l l  
a r e  p re sen ted  and  used  to  ob ta in  expres s ions  fo r  t he  cumula t ive  number 
of  e igenvalues   and  then  the  e igenvalue  densi ty .   Both  numerical   count-  
i ng  and  k - space  in t eg ra t ion  t echn iques  a re  used  to  ob ta in  these  expres -  
s ions  and  then  checked  against   each  other .  The r e s u l t s  a r e  n o r m a l i z e d  
i n  such a manner as  to  be  independent  of  the  geometry  of  the  conica l  
s h e l l .  The frequency  range  over   which  the  resul ts   of   each  f requency 
e q u a t i o n  a r e  v a l i d  i s  d i s c u s s e d  i n  d e t a i l ,  and s imple algebraic  ex-  
p r e s s i o n s  a r e  p r e s e n t e d  f o r  t h e  number  of  eigenvalues  and  the  eigen- 
va lue  dens i ty .  
An experimental program was conducted on two c o n i c a l  s h e l l s  of 
d i f f e r e n t  geomet ry ,   and   t he   r e su l t s   a r e   p re sen ted   i n  some d e t a i l .  The 
r e su l t s  o f  t he  expe r imen ta l  work a r e  p r e s e n t e d  i n  g r a p h i c a l  form and 
compared w i t h  t h e  r e s u l t s  o f  t h e  two ana ly t ica l  express ions  ment ioned  
above. 
The f i n a l  e x p r e s s i o n s  r e s u l t i n g  f r o m  t h i s  i n v e s t i g a t i o n  a r e  t h e n  
d iscussed  and  conclus ions  a re  drawn as  to  the  cor rec t  express ion  for  
t h e  modal dens i ty   o f  a t h i n  c i r c u l a r  c o n i c a l  s h e l l .  The experimental  
r e s u l t s  a r e  a l s o  d i s c u s s e d  i n  l i g h t  o f  t h e  a n a l y t i c a l .  r e s u l t s ,  
Seve ra l  append ices  a re  inc luded  fo r  more de t a i l ed  exp lana t ion  o f  
equations and procedures employed i n  t h e  main  body o f  t h i s  r e p o r t . .  
2 
The f i r s t  a p p e n d i x  p r e s e n t s  i n  d e t a i l .  t:he d e r i v a t i o n  o f  t h e  f i r s t  
f requency equat ion used beginning with the equi l ibr ium equat ions on a 
she l l   e lement .  The  second  appendix  presents a comparison  between  the 
f requencies  pred ic ted  by t h e  f i r s t  frequency equation and some of  the  
e x p e r i m e n t a l   f i n d i n g s   a v a i l a b l e   i n   t h e   l i t e r a t u r e .  The t h i r d  and 
f o u r t h  a p p e n d i c e s  p r e s e n t  t h e  d e t a i l s  o f  t h e  num.eri.ca1  computer  pro-. 
grams  used t o  0btai .n  the expressi .ons f o r  t.h.e number of e igenvalues  and 
t .he eigenvalue densit .y.  
3 
2. REVIEW  QF  LITERATURE 
The problem of  de te rmining  the  e igenvalue  dens i ty  of  a s h e l l  may 
be  broken down i n t o  w h a t  amounts t o  t h r e e  d i s t i n c t  p r o b l e m s .  F i r s t ,  
t h e  d i f f e r e n t i a l  e q u a t i o n  g o v e r n i n g  t h e  m o t i o n  o f  the s h e l l  i.n q u e s -  
t ion   mus t   be   ob ta ined .   Secondly ,   the   d i f fe ren t i . a l   equa t ions   for   the  
s h e l l  m u s t  b e  s o l v e d  i n  s u c h  a  way a s  t o  o b t a i n  a n  e q u a t . i o n  f o r  t h e  
eigenvalues .   This  i s  u s u a l l y   r e f e r r e d   t o   a s   t h e   f r e q u e n c y   e q u a t i o n  
f o r  t h e  s h e l l .  F i n a l l y ,  t h e  f r e q u e n c y  e q u a t i o n  m u s t  b e  u s e d  i n  some 
manner to  ob ta in  expres s ions  fo r  t he  cumula t ive  number of  e igenvalues .  
This  express ion  i s  t h e n  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  f r e q u e n c y  t o  
ob ta in  the  e igenva lue  dens i ty  expres s ion .  
The f i r s t  of these problems has been handled i n  some d e t a i l  i n  
t h e   l i t e r a t u r e .   V l a s o v  (1949) d e r i v e d   t h e   g e n e r a l   d i f f e r e n t i a l   e q u a -  
t i o n s  a p p l i c a b l e  t o  c o n i c a l  s h e l l s  m a k i n g  u s e  o f  e q u i l i b r i u m  a n d  
compa t ib i1 , i t y  r e l a t ionsh ips ,  a s  we l l  a s  t he  fundamen ta l  e l a s t i c i ty  
r e l a t i o n s h i p s .  A s imi la r   and  somewhat less detai led  development   of  
b a s i c a l l y   t h e  same equat ions  i s  presented  by Flugge  (1966).  Both 
au thors  make l i b e r a l  u s e  o f  a l l  t h e  s t a n d a r d  e l a s t i c i t y  r e l a t i o n s h i p s  
which a r e  d e v e l o p e d  i n  d e p t h  by Wang (1953). Also,   both  of  the  above 
t rea tments  cons ider  ex tens ion  of  the  middle  sur face  as  well as bending, 
t r a n s v e r s e   s h e a r ,   a n d   r o t a r y   i n e r t i a .  The b a s i c  d i f f e r e n c e  i n  t h e  
d e r i v a t i o n s  i s  i n  t h e  f i n a l  form  of t h e  d i f f e r e n t i a l  e q u a t i o n s ,  
Vlasov  (1949)  presents two s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  i n  terms 
of  the  normal  displacement  and  the stress func t ion .   F lugge  (1966) 
p r e s e n t . s  t h r e e  s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  i n  terns of t.he 
three  d isp lacements  of t h e  s h e l l  s u r f a c e .  
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The second pa r t  o f  t he  e igenva lue  p rob lem has  a l so  been  p resen ted  
i n  t h e  l i t e r a t u r e .  F e d e r h o f e r  (1962) used  energy  methods t o  o b t a i n  a n  
approx ima te  so lu t ion  to  the  ex tens iona l  v ib ra t ion  p rob lem o f  con ica l  
s h e l l s .  An e x p l i c i t  e x p r e s s i o n  f o r  t h e  f r e q u e n c y  e q u . a t i o n  was n o t  ob- 
ta ined,  however ,  and the calculat ion of  the natural  f requenci .es  i s  
somewhat involved.  Seide  (1964)  employed a Rayleigh-Ritz   type  of   solu-  
t i o n  t o  t h e  c o n i c a l  s h e l l  problem. The o rde r  o f  t he  ma t r ix  type  solu-. 
t i o n  was inc reased   and   so lved   un t i l  i t  converged. It was found  that. a 
t h i r t y  by t h i r t y  m a t r i x  was necessary  for   convergence.  A s imi l a r  p ro -  
cedure was followed by P l a t u s  (1965)  i.n  which  an  eighteen by eight.een 
ma t r ix  was used correspondi.ng to a s ix  te rm approxi ,mat ion  for  each  of  
t he   t h ree   d i sp l acemen t s .  Hu (1965) a l so   u sed  a s imi l a r   t echn ique   a long  
wi th  the  Ga le rk in  method t o  o b t a i n  a ma t r ix  fo rm so lu t ion  in  wh ich  bo th  
t r a n s v e r s e  s h e a r  and r o t a r y  i n e r t i a  were inc luded  in  the  fo rmula t ion .  
A f i v e  term series 'was used  to  descr ibe  the  mode f u n c t i o n s  i n  t h e  
ana lys i s .   Other   au thors  who have   presented   s imi la r   types  of develop- 
ments a re   Chao- t s in  (1964)  and  Kol'man  (1965) a s  well a s  Kogawa (1965) 
and Meyerovich (1966). 
It  s h o u l d  b e  n o t e d  t h a t  a l t h o u g h  a l l  of t hese  au tho r s  p re sen t  
solut . ions for  the frequency equat ion problem, none of them p resen t  an  
exp l i c i t   f r equency   equa t ion   app l i cab le   t o  a general   cone. Many p resen t  
approx ima te  expres s ions  fo r  t he  minimum frequency of vibrati-on, but no 
general  f requency equat . ion of  reasonable  s implici ty  has  been obtained.  
It i s  a l s o  n o t e d  t h a t  Kol 'man (1966) considered the effects of boundary 
cond i t ions   on   t he   f r equenc ie s   o f   na tu ra l   v ib ra t ion .  He found  tha t  
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. wi th  the  excep t ion  of small mode numbers, t h e  e f f ec t  of  .boundary  con- 
d i t i o n s  are  s l i g h t .  
I n  a d d i t i o n  t o  t h e  a n a l y t i c a l  work d iscussed  concern ing  the  
e igenvalues  of a con ica l  she l l ,  t he re  has  been  a f a i r  amount of  
experimental  work  done  along  the same lines.   Watkins  and  Clary (1.964) 
conduc ted  expe r imen t s  w i th  fou r  d i f f e ren t  cones  hav ing  d i f f e ren t  cone  
ang le s ,  and  found the  exper imenta l  f requencies  t o  be i n  good agreement 
w i t h   t h e  work of  Platus  (1965).  Weingarten  (1965)  conducted  extensive 
inves t iga t ions  wi th  seve ra l  d i f f e ren t  cones  o f  d i f f e ren t  wa l l  t h i ckness  
and s l a n t  h e i g h t ,  and  found  the  r e su l t s  t o  be  in  good agreement with 
t h e  work of  Seide  (1964).  Hu and  Lindholm  (1966)  conducted  extensive 
experiments whi.ch they  found subs tan t ia ted  h is  own work (Hu, 1965) a 
Other  exper imenta l  inves t iga t ions  a long  the  same l i n e s  by Mixon (1967), 
Tang and Hong (1966),  and Hu e t  a l .  (1967)  have  reached  more o r  less 
t h e  same conclusions.   That  i s ,  t h e   s o l u t i o n s  o f  t h e  d i f f e r e n t i a l  
e q u a t i o n s  f o r  c o n i c a l  s h e l l s  by energy  methods,  as  long  as  enough 
terms a r e  c a r r i e d  i n  t h e  a p p r o x i m a t i o n s ,  a r e  i n  e x c e l l e n t  a g r e e m e n t :  
"
wi th  expe r imen ta l  r e su l t s ,  w i th  r e spec t  t o  the  f requencies  of  resonant  
modes. 
In  o rde r  t o  inves t i , ga t e  ana ly t i ca l ly  t . he  p rob lem o f  e igenva lue  
dens i ty ,  however, i t  i s  n e c e s s a r y  t o  h a v e  a n  e x p l i c i t  e x p r e s s i o n  f o r  
the  natural   frequencies  of  cones.   Godzevich  (1962)  presented  such  an 
equat ion.  The equat ion  i s  based   on   the   so lu t ion  of t h e  d i f f e r e n t i a l  
equat ions  presented by Vlasov  (1949)  by  the  Galerkin  method, The 
s o l u t i o n  i s  only  approximate,  but: i t  i s  an expl ic i t  expressi .on, ,  and 
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does compare with a f a i r  deg ree  o f  accu racy  to  expe r imen ta l  va lues .  
I t  w i l l  t h e r e f o r e  be the frequ.ency equat ion used i n  th i s  paper .  
The t . h i r d  p a r t  of  t he  e igenva lue  dens i ty  problem, the  use  of t h e  
f requency  equat ion  to  de te rmine  an  express ion  for  the  e igenvalue  
densi, ty,  w i l l  be   t he   sub jec t  of t h i s   pape r .  A technique  introduced by 
Courant and Hilbert (1953) w i l l  be  used  where  poss ib le  to  obta in  the  
des i red   express ions .  The k - space   i n t : eg ra t ion   desc r ibed   i n   gene ra l   i n  
the  proceeding  re ference  was used by Bolotin  (1963)  and  (1965)  to 
ob ta in   so lu t ions   to   severa l   e igenvalue   dens i ty   p roblems.  The technique 
i s  a l s o  d i s c u s s e d  i n  some d e t a i l  by M i l l e r  and  Hart  (1967).  There 
appea r s  t o  be no. spec i f i c  i n fo rma t ion  wi th  r ega rd  t o  the cumulat ive 
number o f  e igenva lues  o r  t he  e igenva lue  dens i ty  o f  con ica l  she l l  
a v a i l a b l e  i n  t h e  l i t e r a t u r e .  
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3.  THEORETICAL DEVELOPMENT 
3 . 1   I n t r o d u c t i o n  
I n  t h i s  s e c t i o n  t h e  f r e q u e n c y  e q u a t i o n  w h i c h  i s  developed i n  
d e t a i l  i n  Appendix 8 .1  i s  used t o  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  cumula- 
t i ve  number o f  e igenva lues  con ta ined  in  a s p e c i f i e d  f r e q u e n c y  i n t e r v a l ,  
a s  w e l l  a s  a n  e x p r e s s i o n  f o r  t h e  model o r  e i g e n v a l u e  d e n s i t y  o f  t h e  
c o n i c a l   s h e l l .  The  k-space  geometry  corresponding  to  the  frequency 
equation developed in Appendix 8 . 1  ( r e f e r r e d  t o  a s  t h e .  f i r s t  f r e q u e n c y  
e q u a t i o n  i n  t h e  work  which  follows) i s  obtained.   Reasons  prohibi t ing 
the  use  of  k-space  in tegra t ion  techniques  a re  d iscussed  and  a pu re ly  
numerical method i s  presented  and  used t o  o b t a i n  t h e  d e s i r e d  e x p r e s -  
s i o n s .  F i n a l l y  a second  frequency  equation i s  obtained  from a s impl i -  
f i c a t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  u s e d  i n  Appendix 8.1. t o  o b t a i n  
t h e   f i r s t   f r e q u e n c y   e q u a t i o n .  The k-space  geometry  corresponding  to 
the second frequency equat ion i s  obta ined ,  and  in tegra ted  to  obta in  
the   des i r ed   expres s ions .  The r e s u l t s  from  both  frequency  equati .ons 
a re   normal ized   wi th   respec t  to cone  geometry. The  two results a r e  
then  compared  and thei . r  f requency range of  appl icat ion i s  d i s c u s s e d  i n  
d e t a i l .  
3.2  Frequency  Equation One 
The f requency  equat ion  for  a t h i n  c o n i c a l  s h e l l  o b t a i n e d  a t  t h e  
conclusion  of  Appendix 8.1, and  by  Godzevich  (1962) i s  as  fo l lows:  
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nn Lt where a = - n and - a1 - - 1 -a1 L -  
The  number of bending  waves i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  i s  
g iven  by m, and the number o f  h a l f  waves i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  
i s  given  by  n.  Equation ( 3 . 1 )  may be  wr i t t en  in  d imens ion le s s  fo rm by 
d e f i n i n g  a d imens ion le s s  f r equency  r a t io  and longitudinal and circurn- 
f e r e n t i a l  wave  numbers i n  t h e  f o l l o w i n g  manner: 
S u b s t i t u t i n g   e q u a t i o n s  ( 3 . 2 )  in to   equat ion   (3 .1)   and   rear ranging  
t e r m s  r e s u l t s  i n  the fo l lowing  express ion  for the  d imens ionless  
frequency: 
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2 2 ci(kl 10 6 2 2 + (1+2k2) (kl -- -) +(k2-4k2) -) + 2 1 2 L  (1-v  ) x =  c CI 
4 I-< 
l-al 3 La1 
4 2 + (1 + 2k2) (kl - - 1 -) + (k2 - 4k2) -) X 1 -a (kl 10 6 2 2 
3 .2 .1  Wave Number Space 
In order  to  determine the k-space geometry corresponding to  
equation (3.3) i t  i s  n e c e s s a r y  t o  o b t a i n  a n  e x p l i c i t  e x p r e s s i o n  f o r  
e i t h e r  k o r  k i n  terms o f   t he   o the r  and the  dimensionless   f requency 
1. The a lgebra ic   manipula t ion   necessary   to   accompl ish   th i s  i s  f a i r l y  
1 2 
involved,  but 
(3.3)  reduces 
polynomial i n  
8 6 
k2 + Ak2 
s t r a igh t fo rward .  It i s  found  tha t   he   above   equat ion  
t o  a q u a r t i c  i n  t e r m s  o f  k 2  and may be  expressed  as a 
2’ 
the  fol lowing form: 
+ Bki + Cki + D = 0 . (3.4) 
The c o e f f i c i e n t s  A, B, C, and D a r e  a l l  m u l t i p l e  term expres-  
s ions  invo lv ing  the  va r i ab le s  k and A as  we l l  a s  t he  cons t an t s  wh ich  
desc r ibe   t he   con ica l   she l l   geomet ry .  The c o e f f i c i e n t s   i n d i c a t e d   i n  
equat ion  (3 .4)   are   as   fol lows:  
1 
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Closed  form express ions  for  the  roots  of a q u a r t i c  e q u a t i o n  a re  
ava i l ab le ;  however,  due t o  the complex n a t u r e  of t he  cons t an t s  i nvo lved  
t h e  f i n a l  e x p r e s s i o n  f o r  k i n  terms  of k and A is  too  involved  to   be 2 1 
of  any  r ea l  va lue .  Fo r  th i s  r eason  a numer ica l  so lu t ion  was used  to  
obta in  the  roots  of  equat ion  (3 .4)  on  a computer ,  using several .  d i f -  
fe ren t  cone  geometr ies  as  wel l  as  a range of  values  for  the independ-  
en t .   va r i ab le s  k l  and h, I n  t h i s  way p lo ts   o f  kl versus k wi, th  X a s  a 
parameter   were   ob ta ined   for   severa l   d i f fe ren t   cone   geometr ies .  Sam- 
p l e s  o f  t h e  r e s u l t s  o b t a i n e d  i n  t h i s  manner are  shown i n  F i g u r e s  3 , 1  
and   3 .2 .   F igu re   3 .1   i l l u s t r a t e s  a t yp ica l   k - space   fo r  a t runca ted  
cone ,  and  F igu re  3 .2  i l l u s t r a t e s  a t yp ica l  k - space  fo r  a closed cone. 
2 
3.2.2  Cumulative Number of  Eigenvalues 
S tudy  of  F igures  3 .1  and  3 .2  ind ica te  tha t  i t  should be possible  
t o  o b t a i n  t h e  number of  e igenvalues  within a frequency domain by t h e  
k-space  integrat ion  technique  (Courant   and  Hilber t ,  1.953; Bolotin,  
1963  and  1965; M i l l e r  and  Hart,  1967).  Employing t h i s  m,ethod t h e  
cumulative number of  e igenvalues  i s  approximated by 
where  the  in t eg ra l  i s  to  be  t aken  ove r  t ha t  po r t i . on  o f  t he  f i r s t  
quadrant where the k-space exists.  
The i n t e g r a l  i n  e q u a t i o n  ( 3 . 9 )  may b e  w r i t t e n  i n  i t e r a t e d  form 
by r e c o g n i z i n g  t h e  f a c t  t h a t  t h e  r e g i o n  o v e r  w h i c h  t h e  i n t e g r a l  i s  t o  
be  evaluated i s  bounded by an  upper  and  lower  value  of k The upper 







k 2  
IO 
1 1 1 1  I I I I I I I I I 
I O  20 
FIGURE 3.1 FREQUENCY  EQUATION ONE K-SPACE  FOR A 









$ f =  15O40' 
h 0.0983" 
L = 36.4" 
L+ = 0.0 
IO 20 
k l  
FIGURE 3.2 FREQUENCY  EQUATION  E K-SPACE F O R  A 
CLOSED CONE 
14 
is  also bounded  by upper and lower curves which w i l l  be  re fer red  to  as 
[k2IU  and  [k ] respec t ive ly .   Equat ion  ( 3 . 9 )  t h e r e f o r e  becomes 2 1  
b 
( 3 .  lo) 
where a and b a r e  f u n c t i o n s  o f  X and  the  cone  geometry,  and [k ] and 
[k2 IR   a re   func t ions   o f  kl, X, and the  cone  geometry  parameters.  The 
expres s ions  fo r  [k  ] and  [k2Ia may be  obtained  f rom  the  solut ion  of  
t h e  q u a r t i c  e q u a t i o n  ( 3 . 4 ) ,  however, t he  eva lua t ion  o f  a and b is 
somewhat  more involved.  Obviously, a and b must   be  the  roots   of   the  
equat , ion  obtained by s e t t i n g   [ k  ] equa l   t o   [k2 IR"  Due to   the   ex t reme 
complexity of [k2IU and [k2Ia i t  has  not  been possible  to  obtain ex-  
p r e s s i o n s  f o r  a and b. F o r  t h i s   r e a s o n   t h e   i n t e g r a t i o n   o f   e q u a t i o n  
( 3 . 1 0 )  t o  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  c u m u l a t i v e  number of eigen- 
- - 2 u  
2 u  
- - 
- - 
2 u  
- - 
v a l u e s  i s  a somewhat i m p r a c t i c a l  
Using a d i f fe ren t  approach ,  
below any selected frequency may 
approach to the problem. 
however, t h e  number  of  eigenvalues 
stil.1 be  obtained.  Using  equation 
( 3 . 3 )  which i s  the  f requency  equat ion ,  the  e igenvalues  may be computed 
f o r  d i f f e r e n t  v a l u e s  o f  m and n, the  c i rcumferent ia l  and  longi tudi .na1  
wave  numbers r e s p e c t i v e l y .  I n  t h i s  manner t h e  number of   e igenvalues  
occurr ing  be low cer ta in  d imens ionless  f requencies  may be obtained. 
The va lues  o f  m and n a r e  i n c r e a s e d  u n t i l  t h e  c o u n t  u n d e r  e a c h  s p e c i -  
f i ed   d imens ion le s s   f r equency   t e rmina te s .   In   o rde r   t o   ob ta in  a s u f f i -  
c i e n t  number o f  ca l cu la t ions  fo r  d i f f e ren t  cone  geomet r i e s  an  IBM 360 
Model 75 d i g i t a l  computer was used.  The d e t a i l s  o f  t h e  program  used 
f o r  t h e s e  c a l c u l a t i o n s  may be  found i n  Appendix 8 . 4 .  The r e s u l t s  o f  
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t h e s e  c a l c u l a t i o n s  a p p e a r  i n  g r a p h i c a l  f o r m  i n  F i g u r e s  3 . 3  through 
3 . 5 .  Examination  of  equation ( 3 . 3 )  reveals t h a t  there a r e   t h r e e  
geometric parameters which w i l l  e f f e c t  t h e  d i m e a s i o n l e s s  f r e q u e n c y ,  
a s suming   t ha t   Po i s son’ s   r a t io  i s  c o n s t a n t  and e q u a l  t o  0 .3 ,  These a r e  
the   cone   angle  ( J r ) ,  t h e  t h i c k n e s s  o v e r  l e n g t h  r a t i o  (-), and  trunca- 
t i o n  r a t i o  ( a  ) .  Figure  3 . 3  shows t h e  e f f e c t  of  changing  the  cone 
angle ,  F igure  3 . 4  shows t h e  e f f e c t  o f  changin.g  the  thickne.ss,  and 




A s tudy  o f  Figures  3 . 3  through 3 . 5  i n d i c a t e s  t h a t  t h e  r e s u l t s  
obtai.ned may be normalized. It w i l l  be of some v a l u e  t o  f i r s t  d e f i n e  
what a r e  known a s   t h e   r i n g   f r e q u e n c i e s .  The upper   r ing  f requency i s  
d e f i n e d  a s  t h e  f r e q u e n c y  a t  w h i c h  t h e  l o n g i t u d i n a l  wave l e n g t h  i s  equal  
t o   t he   c i r cumfe rence   o f   t he   sma l l  end o f  the   cone .   In   d imens ionless  
form the upper ring frequency would be given by 
( 3 ”  11) 
This i s  e q u i v a l e n t  t o  o times t .he small  radius  of  the cone divi .ded by 
t h e  l o n g i t u d i n a l  wave ve l .oc i ty  equal  to  uni . ty .  
S imi la r ly  the  lower  r ing  f requency  i s  de f ined  a s  the  f r equency  
a t  which  the  longi tudina l  wave l eng th  i s  equa l  t o  the  c i r cumfe rence  o f  
t h e   l a r g e  end of the  cone.   In   dimensionless   form i t  i s  
X ( lower r ing)  1 s i n  Jr  - .  ( 3 . 1 2 )  
This i s  e q u i v a l e n t  t o  (u times t h e  l a r g e  r a d i u s  o f  the cone divided by 
t h e  l o n g i t u d i n a l  wave v e l o c i t y  e q u a l  t o  u n i t y .  
h = 0 . 0 6 "  
a ,  = 0.333 
L 36.0" 
I. 0 10.0 
x 
I O 0  
3.3   NUMBER  OF  MODES  VERSUS X WITH $ AS T H E  
PARAMETER  FOR  FREQUENCY  EQUATION  ONE 
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The r e s u l t s  g i v e n  i n  F i g u r e s  3 . 3  through 3 . 5  w i . 1 1  now be 
normalized in  the frequency range above the upper  r ing frequency.  
F igure  3 . 3  i n d i c a t e s  t h a t  t h e  resul ts  a re  a l r eady  no rma l i zed  wi th  
r e s p e c t   t o   c o n e   a n g l e   i n   t h i s   r e g i o n .   F i g u r e  3 - 4  i n d i c a t e s  a v a r i a -  
t i on  inve r se ly  p ropor t iona l .  t.o h/L w i t h  v a r i a t i o n s  i n  t h i c k n e s s ,  and 
Figure  3 . 5  ind ica t .es  a v a r i a t i o n  i n v e r s e l y  p r o p o r t i o n a l  t o  (1-a ) 1/5 1 
due to   var i . a t i0n .s   in   t . runca t ion  rat . io. ,  Therefore  t.he r e s l l l t s   ob ta ined  
t h u s  f a r  may be normalized with respect to cone geometry'  by express ing  
them in  the  fo l lowing  form: 
The r e s u l t s  o f  t h i s  n o r m a l i z a t i o n  p r o c e d u r e  a r e  shown g r a p h i c a l l y  
i n   F i g u r e s  3,6 through 3 . 8 .  Figure  3 , 6  corresponds  to   the  normaliza-  
t i on   o f   F igu re  3 . 3  and so on. The f igu res   i nd ica t e   t ha t   above   t he  
upper  r ing frequency ( 3 . 1 1 )  t he  va lue  of  F(X) i s  independent  of  the 
geometry o f  t:he cone. The p l o t  o f  F(X) in   thi .s   region  appears   to   be a 
s t r a i . g h t  l i n e  on 1.og-log paper. 
3 . 2 . 3  Numerical  Approximat.ions 
Examination  of  Figures 3 .6  through 3 . 8  yiel .ds t .he following 
numerical ly  obt .a ined expression for  the number of eigenvalues above 
the upper  r ing frequency:  
(3.14) 
1 
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3.6 NORMALIZED  NUMBER O F  MODES  VERSUS X WITH 
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F I G U R E  3.7 NORMALIZED  NUMBER OF M O D E S  VERSUS X WITH 
h AS T H E  PARAMETER FOR EQUATION  ONE 
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FIGURE 3.8 NORMALIZED  NUMBER OF MODES  VERSUS X WITH 
0 1  AS THE  PARAMETER FOR EQUATION  ONE 
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D i f f e r e n t i a t i n g  e q u a t i o n  ( 3 . 1 4 )  w i t h  r e s p e c t  t o  X t he  expres s ion  
fo r  t he  e igenva lue  dens i ty  i s  obtained where n(X) = - - d h  . dN ( 1) 
(3.15) 
A s  a form  of l i m i t  check on the resul ts  i t  i s  o f  i n t e r e s t  t o  
adapt  equat ion (3,14)  to  the case of a f l a t  c i r c u l a r  p l a t e ,  s i . n c e  a 
s o l u t i o n  t o  t h i s  probl.em i s  a v a i l a b l e  i n  t h e  l i t e r a t u r e  ( M i l l e r  and 
Hart,  1967).  For  the f l a t   c i r c u l a r   p l a t e   t h e   c o n e   a n g l e  becomes  90°, 
t h e  t r u n c a t i o n  r a t i o  becomes zerog and the length of  the cone becomes 
t h e   r a d i u s   o f   t h e   c i r c u l a r   p l a t e   ( R ) .  Hence f o r  a c i r c u l a r  p l a t e  
equation  (3.14) becomes: 
(3.16) 
Replacing  the  dimensionless  frequency by -where C i s  t h e  COR 
cL L 
v e l o c i t y  o f  t h e  l o n g i t u d i n a l  waves i n  t h e  s h e l l  m a t e r i a l ,  and d i f  .-. 
f e r e n t i a t i n g  w i t h  r e s p e c t  t o  t h e  c i r c u l a r  f r e q u e n c y  t h e  f o l l o w i n g  
express ion  for  the  e igenvalue  dens i ty  of  a c i r c u l a r  p l a t e  i s  obtained: 
R2 
n(w) = 0.637 hCL (3.17) 
The r e s u l t  c i t e d  a b o v e  i n  t h e  l i ' l . . r a t u r e  f o r  t h e  modal d e n s i t y  
of a f l a t  c i . r c u l a r  p l a t e  i s  as fo l lows ,  keeping  in  mind t h a t  t h e  v a l u e  
given i s  one-half  the actual  value due to  degeneracy of e igenvalue 
e f f e c t s :  
R2 
n(w) = 0.701 hCL . (3.18) 
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r 
The d i f fe rence  be tween equat ion  (3.17) and equation (3.18) is 
less than  t en  pe rcen t  and  cons ide r ing  the  numer i ca l  na tu re  o f  p roce -  
du re  used  to  ob ta in  the  equa t ions  on which equat ion (3.17) i s  based 
t h i s  i s  regarded as excel lent  agreement .  
3.3  Frequency  Equation Two 
Us ing  the  d i f f e ren t i a l  equa t ions  p re sen ted  in  Append ix  8.1 (8.51) 
and  (8.52)  for a c o n i c a l  s h e l l ,  and  making the  assumpt ion  tha t  the  
b e n d i n g  c o n t r i b u t i o n  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  i s  small  when 
compared t o  t h e  b e n d i n g  c o n t r i b u t i o n  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n ,  
the  equat ions  reduce  to   the  fol lowing:  
(3.19) 
(3.20) 
Comparing equations  (3.19) and  (3.20)  with  equations  (8.51)  and 
(8.52) i t  i s  n o t e d  t h a t  t h e  e q u a t i o n s  a r e  i d e n t i c a l  e x c e p t  f o r  t h e  
n 
o m i s s i o n   o f   t h e   f i r s t  t e m  i n   t h e   o p e r a t o r .  The s o l u t i o n  of 
equations  (3.19)  and  (3.20) i s  h a n d l e d  i n  t h e  same manner a s  was t h e  
s o l u t i o n  of equations  (8.51)  and  (8.52).  The procedure i s  descr ibed 




which i s  produced i n  t h i s  c a s e  i s  as follows: 
4 Lal  2 4 4 a l-al 3(1-al) 2 2 D m n 
gcE T(7+ EL h s l n  $ +"-T[-T- t a n  $ 1 
2 
Lu = c 7 1  3 (3.21) 
7 L  m 4 1-al 1-a; Lal 3(1-al) 
~-" s i n  )(r--+ 2 2 " F )  
an  4an 
Proceeding i n  t h e  same manner a s  in  sect i .on 3.2,  the f requency 
equat ion i s  nondimensionalized by in t roducing  the  d imens ionless  
f requency ,  the  c i rcumferent ia l  wave  number,  and t h e  l o n g i t u d i n a l  wave 
number ( see   equat ion   3 .2) .   Equat ion   (3 .21)   therefore   reduces   to   the  
fol lowing form: 
4 2 l-al 2 2 4 l-al 3 ( l - a l )  2 D 
EL2h 
- ( k 2  7)+ c o t  $ kl [- - 
8 1 
3 .3 .1  Wave  Number Space 
It i s  now necessary t o   s o l v e   f o r  k i n  terms of k and 1 i n  2 1 
(3 .22)  
order  to  obtain the k-space geometry corresponding to  f requency equa-  
t i o n  two (3.22).   Rearranging  terms  and  collecting  powers  of k i .n   the 
f requ.ency equation i t  i s  found tha t  the  equat ion  (3 .22)  reduces  to  a 
s i m p l e  quadra t i c   equa t ion   i n   powers   o f  k Therefore  k may be  x- 
p r e s s e d   e x p l i c i t l y   a s  a funct ion  of  k X, and  the  cone  geometry 








(3 .23 )  
B = X 2 [.-16kl( 4 l-Kxl%l+al%l) + 8kl( 1+al+al) -1201 2 3 4  2 2 
C = 5 c o t  ~ [ k l ( l ~ l W l ~ l )  - 3 k l ( l ~ 1 ) ]  - 2 4   2 3  2 2 
Suff ic i .en t  . in fonnat i .on  i s  now a v a i l a b l e  t o  d e s c r i b e  t.he geometry 
of  the  k-space  corresponding  . to  frequency  equation two. I n   e q u a t i o n  
( 3 . 2 3 )  t h e  p o s i t i v e  and negat ive  square  roots  ind ica te  the  upper  and 
lower  bounds of t he   space   r e spec t ive ly .   F igu re  3 . 9  i l l u s t r a t e s  a 
typ ica l  k - . space  for  a truncated  cone,  and  Figure 3.10 i l l u s t r a t e s  a 
t yp ica l   k - space   fo r  a c losed   one .   Both   f igures   a re  shown wi th  dimen- 
s ion less  f requency  as  the  parameter .  
By equating the upper and lower bounds of the space given by 
equat ion ( 3 . 2 3 )  t h e  k limits of the   space  may be   ob ta ined   as   func t ions  
of the  dimensionless  frequency  and  the  cone  geometry  parameters.  The 
expres s ion  wh ich  r e su l t s  from t h i s  p r o c e s s  i s  a c u b i c  i n  powers  of k 2 1 
as   fol lows:  
1 
k + Skl + Tkl + U = 0 6 4 2 1 (3 .24 )  
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FIGURE 3.9 FREQUENCY  EQUATION  TWO  K-SPACE  FOR A 
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4 / h c o t  9 (l-a,) 
U = - 6 X ( 1 - a l ) L d 3  / h c o t  $ (1-a,) 4 . 
The so lu t ion  o f  t he  cub ic  equa t ion  (3 .24 )  y i e lds  th ree  r ea l  roo t s  
in  the  case  of  the  t runca ted  cone  (F igure  3 .9) ,  and  one  rea l  roo t  and  
two imag ina ry   roo t s   i n   t he   ca se  of the   c losed   cone   (F igure   3 .10) .   In  
t h e  l a t t e r  c a s e  t h e  r e a l  p a r t  of  the two imaginary roots  corresponds 
to  the  va lue  o f  k where the u p p e r  and  lower  bounds a r e  a t  a minimum. 1 
3.3.2  Cumulative Number of  Eigenvalues 
Recall ing equation (3.10) which was deve loped  in  sec t ion  3 .1  a s  
an  expres s ion  fo r  t he  number  of e igenva lues ,  and  subs t i t u t ing  the  
appr0pr i a t . e  va lues  fo r  Ak (change i n  L o n g i t u d i n a l  wave  number a s  n 
i s  incremented)  and Ak (change i n  c i r c u m f e r e n t i a l  wave  number a s  m i s  
incremented) ,  the  fo l lowing  express ion  for  the  number of eigenvalues  




The upper  and  lower  bounds  of  the  space  [k ] and  [k21a  are  given 
by equat ion  (3 .23) .   Therefore   equat ion  (3 .25)  may be   expressed   in   the  
fol lowing form: 
2 u  
(3.26) 
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The upper and lower limits of  the  space  a and b a re  ob ta ined  
from the  so lu t ion  o f  equa t ion  (3 .24 ) .  Fo r  the  t runca ted  cone  case t h e  
l a rges t  roo t  o f  equa t ion  (3 .24 )  is denoted  as b, and the  second 
- - 
- 
l a r g e s t  r o o t  i s  denoted  as   a .   In   the.   case  of   the   c losed  cone,   the   one 
real  r o o t  o b t a i n e d  i n  t h e  s o l u t i o n  o f  e q u a t i o n  ( 3 . 2 4 )  i s  used as b, 
and t h e  real  p a r t  o f  e i t h e r  of  the  imaginary  roots  i s  used as a. I n  
t h i s  way the  in t eg ra l  (3 .26 )  i s  eva lua ted  over  the  c losed  por t ion ,  o r  




The eva lua t ion  of  equat ion  (3 .26)  for  the  number of  e igenvalues ,  
and the solut ion of  equat ion (3.24)  for  the upper  and  lower limits of 
the k-space i s  handled by numerical  procedures on an I B M  360 model 75 
d i g i t a l  computer. The program  used i s  d e s c r i b e d  i n  d e t a i l  i n  Appendix 
8 .3 .   Values   a re   ob ta ined   for  a wide  range  of  dimensionless  frequen- 
c i e s  and a range  of   dif ferent   cone  geometr ies .  The r e s u l t s  o f  t h e s e  
c a l c u l a t i o n s  a p p e a r  i n  g r a p h i c a l  form in Figures  3 .11 through 3.13.  
A s  i n  s ec t ion  3 .2 ,  F igu re  3 .11  shows t h e  e f f e c t  o f  va r i a t ions  i n  
cone angle,  Figure 3.12 shows t h e  e f f e c t  of va r i a t ions  in  th i . ckness ,  
and Figure 3.13 shows t h e  e f f e c t  of v a r i a t i o n s  i n  t r u n c a t i o n  r a t i o ,  
It  should be noted that  below the lower r ing frequency (3.12)  
t h e  number of  e igenvalue  resu l t s  shown in  F igu res  3 .3  th rough  3 .5  a re  
i n  v e r y  c l o s e  a g r e e m e n t  w i t h  t h e  r e s u l t s  shown in  F igures  3 .11  through 
3.13.  This i s  to   be  expected  s ince  the  only  difference  between  the 
derivation of frequency equation one and frequency equation two is  i n  
the  a s sumpt ion  r ega rd ing  the  bend ing  con t r ibu t ions  to  the  d i f f e ren t i a l  
equa t ions .   In   equa t ion  two i t  was assumed  that .   the   contr ibut ion  to   the 
d i f f e ren t i a l  equa t ions  due  to  long i tud ina l  bend ing  i s  s m a l l  i n  
31 
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comparison  with  the  contr ibut ion  due  to   c i rcumferent ia l   bending.   This  
assumption i s  equ iva len t  t o  l imi t ing  f r equency  equa t ion  two to lower 
f r equenc ie s  as t h e  r e s u l t s  p o i n t  o u t .  It may therefore  be  concluded 
tha t  t he  r e su l t s  o f  t he  ana lys i s  based  on  f r equency  equa t ion  two a r e  
v a l i d  below the lower ring frequency. 
Carefu l  s tudy  of  F igures  3 .11  through 3 .13  ind ica tes  tha t  the  
dimensionless  number of  e igenvalues  (N(A) ) v a r i e s  w i t h  
changes i n  t h e  c o n e  a n g l e  d i r e c t l y  a s  ( t a n % $ ) ,  w i t h  c h a n g e s  i n  t h e  
t h i c k n e s s  i n v e r s e l y  as (h/L) ,  and with changes in  the t runcat ion rat io  
i n v e r s e l y  as ((1-a ) Hence, t h e  number of  eigenvalues may be 
normalized in  the fol lowing manner:  
It 
s i n  ( l-al) 
1 
(3.27) 
Figures 3.14 through 3.16 show g r a p h i c a l l y  t h e  r e s u l t s  o f  t h i s  
normal iza t ion   process .   Inspec t ion   of   these   f igures ,   which   cor respond 
to  normal ized  vers ions  of Figures  3 .11  through 3 .13 ,  ind ica tes  tha t  
wi th  the  except ion  of  smal l  var ia t ions  near  va lues  of  G ( h )  correspond- 
i n g  t o  t h e  f i r s t  f e w  modes ( N ( 1 )  = 1) , G(X) i s  independent  of  the 
geometry of  the conical  shel l  and i s  a funct ion of  only the dimension-  
less frequency. 
3 . 3 . 3  Eigenvalue  Density 
Us ing  f in i t e  d i f f e rence  t echn tques  on  the  numer i ca l  r e su l t s  o f  t he  
k-space integrat ion of  equat ion (3.26)  the densi ty  of  e igenvalues  with 
respec t  to  d imens ionless  f requency  i s  obta ined  (n(1)  = -dx- dN(X)) The 
r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  are shown g r a p h i c a l l y  i n  F i g u r e s  3 .17  
through 3 .19  i n  t h e  f o l l o w i n g  form: 
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FIGURE 3.18 NORMALIZED  EIGENVALUE  DENSITY  VERSUS X WITH h AS T H E  
PARAMETER FOR FREQUENCY  EQUATION TWO 
IO0 
IO 




+ =  30° 
h =0.06" 
L = 36.0" 
IO0  1.0 x IO. 0 
FlGU  RE 3.19 NORMALIZED E IGENVALUE DENSITY VERSUS x WITH AS THE 
PARAMETER FOR FREQUENCY EQUATION TWO 
( 3 . 2 8 )  
As before ,  F igure  3.17 i l l u s t r a t e s  v a r i a t i o n s  i n  c o n e  a n g l e ,  F i g u r e  
3.18  i l l u s t r a t e s  v a r i a t i o n s  i n  t h i c k n e s s ,  a n d  F i g u r e  3.19 i l l u s t r a t e s  
v a r i a t i o n s   i n   t r u n c a t i o n   r a t i o .   I n s p e c t i o n  of  t h e s e   f i g u r e s   r e v e a l s  
t h a t  g(X) i s  independent  of  the cone geometry with the except ion 
v a l u e s  a s s o c i a t e d  w i t h  t h e  number of  e igenvalues  approximate ly  equal  
t o  u n i t y ,  a s  was the  case  wi th  G( X ) .  
S ince  the  k - space  in t eg ra t ion  p resen ted  in  equa t ion  ( 3 . 2 6 )  avoids  
the  po r t ion  o f  t he  k - space  in  the v i c i n i t y  o f  k = 0, t h e r e  i s  some 
q u e s t i o n  a s  t o  t h e  v a l i d i t y  o f  t h e  r e s u l t s .  I n  o r d e r  t o  p r o v i d e  a 
check  of  the  resu l t s  presented ,  a n u m e r i c a l  p r o c e d u r e  s i m i l a r  t o  t h a t  
used i n  s e c t i o n  3 . 2  was used  to  ob t . a in  va lues  o f  N ( X ) .  Using  equat ion 
( 3 . 2 2 )  as the  f requency  equat ion,   and  an IBM 360 model 75 d i g i t a l  
computer, a v e r y  l a r g e  number of  f requencies  were ca l cu la t ed  and  the  
number occur r ing  below c e r t a i n  s p e c i f i c  d i m e n s i o n l e s s  f r e q u e n c i e s  
was obta ined .  The r e s u l t  of th i s   numer ica l   count ing   procedure  was 
t h e n  p u t  i n  t h e  form N ( X )  The  number  of c i r c u m f e r e n t i a l  
and  longi tudina l  number of  waves was i n c r e a s e d  u n t i l  t h e  c o u n t  i n  e a c h  
in t e rva l   t e rmina ted .  A discuss ion   of   the   computer   p rogram  for   th i s  
1 
Tt 
s i n  $ (lea,) 
procedure  appears   in   Appendix 8 . 4 .  The r e s u l t s  of t h i s  p r o c e d u r e  were 
in   exce l l en t   ag reemen t   w i th   t he   k - space   i n t eg ra t ion  resul ts .  Therefore 
the omission of  a p o r t i o n  o f  t h e  k - s p a c e  i n  t h i s  c a s e  a p p e a r s  t o  b e  
j u s t i f i e d .  It  should   be   po in ted   ou t   tha t   the   por t ion   o f   the   k -space  
which was omi t t ed  f rom the  in t eg ra t ion  i s  unbounded. 
3.3 4 Numerical  Approximations 
Careful  examinat ion of  Figures  3 .14 through 3.19 indicates  the 
normalized number of  e igenvalue  and  e igenvalue  dens i ty  curves  are  
s t r a i g h t  l i n e s  o n  l o g - l o g  paper: excep t  nea r  va lues  a s soc ia t ed  wi th  
t h e  f i r s t  few r e s o n a n t   f r e q u e n c i e s .   I n   l i g h t .   o f   t h i s ,   e q u a t i o n s  
(3.27)  and  (3.28) may be  approximated by the  fo l lowing  express ions :  
0 .8761 3/2 (3,29) 
1 .311  I/ 2 . (3 ,30)  
It  should  be  remembered t h a t  t h e s e  e q u a t i o n s  o n l y  a p p l y  below 
the lower r ing frequency due to  the assumption made i n  t h e  d e r i v a t i o n  
of   f requency  equat ion two.  The expres s ions   a l so  do n o t  h o l d  i n  t h e  
v i . c i n i t y   o f   t h e   f i r s t  few resonant   f requencies  (N(1) = 1). This i s  t o  
be expected s i .nce the concept. o f  e igenva lue  dens i ty  has  l i t t l e  o r  no 
meaning i n  t h i s  r e g i o n .  A s  a form of  check, i t  shou ld   be   no ted   t ha t  
although  expressions  (3.29)  and  (3.30) were obtained  independent . ly   of  
each   o ther   f rom  the   f igures ,   equa t ion   (3 .30)  i s  indeed   the   der i .va t ive  
of equat ion  (3 .29)  wi th  respec t  to  d imens ionless  f requency  as  i t  should 
be  
3 .4  Summary o f   A n a l y t i c a l   R e s u l t s  
The f i n a l  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  c u m u l a t i v e  number of  
e igenvalues  N(X) and  the  e igenvalue  dens i ty  n(X) above the upper  r ing 
f requency  and  be low the  lower  r ing  f requency  have  been  co l lec ted  in  
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Table 3 . 1  f o r  e a s y  r e f e r e n c e ,  A graphi.ca1.  represent.ation  of the f ina l .  
equa t ions  i s  a l s o  g i v e n  i n  F igu res  3.20  and 3 . 2 1 .  
I n  p r e p a r i n g  F i g u r e s  3.20  and 3 . 2 1  i t  was assumed t h a t  t h e  (Loll) 
term i n  e a c h  e q u a t i o n  was approximately equal .  This  was done i n  o r d e r  
t o  make i t  p o s s i b l e  f o r  t h e  r e s u l t s  t o  b e  p r e s e n t e d  g r a p h i c a l l y  w i t h  
only  one  parameter ,   that   being  the  cone  angle .  The cu rves   fo r   t he  
dimensi,onless frequency less than the lower  r ing  f r equency  a re  shown 
up to   t he   l ower   r i ng   f r equency   fo r   s eve ra l   cone   ang le s .  The lower 
r ing  f requency  i s  shown a s  a v e r t i c a l  d o t t e d  l i n e  f o r  e a c h  c o n e  a n g l e .  
The minimum upper  r ing  f requency  poss ib le  i s  a l s o  i n d i c a t e d  by t h e  
same do t t ed   l i ne .   Th i s   co r re sponds   t o   t he   ca se   fo r  a = 1, o r  a corn- 
p le te ly  t runca ted  cone .  
1 
It would seem a p p r o p r i a t e  a t  t h i s  t i m e  t o  g i v e  some explana t ion  
a s  t o  how Figures  3.20  and 3 . 2 1  m i g h t  b e  u s e d  i n  a c t u a l  p r a c t i c e  f o r  
the  de te rmina t ion  of  the  cumula t ive  number of eigenvalue and eigen- 
va lue   dens i ty   co r re spond ing  t o  a g i v e n  f r e q u e n c y .  F i r s t  o f  a l l  t h e  
d imens ionless  f requency  cor responding  to  the frequency of i n t e r e s t  
would  be ca l cu la t ed  and located on the axis  of  Figures  3.20  and 3 , 2 1 ,  
Next the upper and lower ring frequencies corresponding to the cone 
geometry being invest igated would be determined and noted on t h e  
graphs.   There  are  now three   poss ib le   cases ,   the   d imens ionless   f requen-  
c y  o f  i n t e r e s t  i s  e i the r  above  the upper ring frequency, below the 
lower ring frequency, or between the two. 
I f  t he  d imens ion le s s  f r equency  o f  i n t e re s t  i s  above the upper  r ing 
frequency  the  procedure i s  s i m p l e .  The d e s i r e d  v a l u e s  a r e  m e r e l y  r e a d  
of f  the  curve  cor responding  t o  the  so lu t ion  above  the  upper  r ing  
frequency. 
4 4  
r 
Table 3.1 Summary of t h e  t h e o r e t i c a l  r e s u l t s  f o r  t h e  number of 
e igenval 'ues  and the eigenvalue densi ty  
". . - . ..  .. . . . - __ .. . . . .~ . - "~ ~ - . . . - - - . - 
1 Below the  lower  ing  frequency: X < -- 
Cumulative number 
N(X) 0.876 
of e igenvalues  
Eigenvalue  dens i ty  
L s i n  $ ( t a n  $ )  3 / 4  
n(A) = 1 . 3 1  [ rrh ] A l l 2  
1 
Above the  upper   ing  f requency:  X > a sin 
1 
Cumulative number of e igenvalues  
L s i n $  (1-a,) 4 / 5  
N(X) = 2.0 [ Jrh 1 1  
Eigenvalue  dens i ty  
L s i n $  (l-al) 4 / 5  
nh n(A) = 2.0 [ 1 
where: 
4 5  
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FIGURE 3.21 THEORETICAL  E IGENVALUE  DENSITY  CURVES 
I f  t he  d imens ion le s s  f r equency  o f  i n t e re s t  i s  below the lower 
r ing  f requency  the  procedure i s  a g a i n  f a i r l y  s imple .  The d e s i r e d  
va lues  a re  read  of  the  curve  cor responding  to  the  so lu t ion  be low the  
lower   r ing   f requency   having   the   appropr ia te   cone   angle .   In   th i s   case  
the  va lue  of  N ( X )  obtained should be checked to  be sure  i t  i s  not  near  
u n i t y  o r  below s i n c e  t h e  r e s u l t s  h a v e  l i t t l e  m e a n i n g  i n  t h i . s  r e g i o n .  
F ina l ly ,  i f  t he  d imens ion le s s  f r equency  o f  i n t e re s t  i s  between 
the upper and  lower  ring  frequencies  the  procedure i s  n o t  q u i t e  a s  
s t r a i g h t f o r w a r d .  I f  a good deal   of   accuracy i s  r e q u i r e d  i t  w i l l  be 
necessary  to  compute  the  des i red  va lues  in  the  same  manner a s  was used 
i n  s e c t i o n  3 . 2  t o  o b t a i n  t h e  r e s u l t s  shown i n  F i g u r e s  3 . 3  through 3.5. 
However, i f  o n l y  a reasonable  es t imate  i s  needed the following approxi-.  
mation may be  used. The va lue  cor responding  to  the  lower  r ing  f requen-  
cy  should  be  located,   and  the  value  corresponding  to  the  upper  r ing 
frequency should also be located.  The v a l u e  d e s i r e d  may then  be  read 
o f f  a s t r a i g h t  l i n e  drawn  between t h e s e  two p o i n t s ,  a s  t h e  r e s u l t i n g  
curve i s  a fa i r  approximat ion  of  what  happens  in  th i s  t rans i t ion  re -  
gion,  
There  a re  two major exceptions which should be indicated concern-. 
i n g  t h e  r e s u l t s  p r e s e n t e d  i n  T a b l e  3 . 1  and Figures 3.20 and 3.21. 
F i r s t .  of a l l ,  f o r  cones  wi th  la rge  cone  angles  the  so lu t ion  does  not  
hold, up to   the   lower   r ing   f requency .   In   fac t   the   above   upper   r ing  
frequency solut ion begins  to  apply even before  the lower r ing frequency 
i s  reached. As a gene ra l  ru l e ,  when working  wi.th  cones  with  large 
cone angles  the values  corresponding to  both the sol t i t ion above the 
upper  r ing frequency and t h e  s o l u t i o n  below the lower ring frequency 
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should be calculated and the minimum value used.  This  type of  
behavior  i s  c l e a r l y  i n d i c a t e d  i n  F i g u r e  3 . 6 .  
The second major  except ion appl ies  to  cones with l i t t l e  or  no 
t runca t ion .  In  th i s  ca se  the  va lue  o f  t he  uppe r  r ing  f r equency  i s  
in f in i t e  o r  ve ry  h igh ,  and  the  above  uppe r  r ing  f r equency  so lu t ion  is 
r eached  long  be fo re  the  uppe r  r ing  f r equency .  In  th i s  ca se  a v a l u e  
fo r  t he  uppe r  r ing  f r equency  o f  no  more than  ten  times the  lower  r ing  
frequency should be used as a s o r t  o f  a r t i f i c i a l  u p p e r  r i n g  f r e q u e n c y .  
This  type of  behavior  i s  c l e a r l y  i n d i c a t e d  i n  F i g u r e  3 . 8 .  
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4 EXPERIMENTAL  PROGRAM 
4.1   Objec t ive  
I n  o r d e r  t o  p r o v i d e  a c o m p a r i s o n  w i t h  t h e  a n a l y t i c a l  r e s u l t s  of 
th i s  paper ,  an  exper imenta l  inves t iga t ion  of  the  cumula t ive  number of 
eigenvalues was conducted .   Dur ing   th i s   inves t iga t ion  two d i f f e r e n t  
c o n i c a l  s h e l l s  were s u b j e c t e d  t o  s i n u s o i d a l  e x c i t a t i o n  o v e r  a wide 
range  of  f requencies ,  the  objec t  be ing  to  phys ica l ly  count  the  number 
of  resonant modes contained  within  the  f requency  range  covered.  Once 
a count was obtained che resul ts  were nondimensional ized and compared 
w i t h  t h e  a n a l y t i c a l  resul ts  o b t a i n e d  i n  s e c t i o n  3. 
4 .2  Experimental  Apparatus 
The two c o n i c a l  s h e l l s  u s e d  i n  t h e  i n v e s t i g a t i o n  a r e  f u l l y  
descr ibed   in   Table  4.1. The cones  used were formed  of s t a i n l e s s  
s t e e l  s h e e t  and b u t t  w e l d e d  a t  t h e  seams.  The ins t rumenta t ion   used  
i n  t h e  i n v e s t i g a t i o n  i s  shown s c h e m a t i c a l l y  i n  F i g u r e  4.1. The i n -  
s t r u m e n t a t i o n  c o n s i s t e d  b a s i c a l l y  o f  a s igna l  genera tor  equipped  wi th  
a sweep d r ive ,  a power ampl i f ie r ,7  a p reampl i f i e r ,  a narrow  band 
analyzer ,  and a l e v e l  r e c o r d e r .  
The s i n u s o i d a l  s i g n a l  g e n e r a t e d  by t h e  o s c i l l a t o r  i s  f e d  t o  a 
power ampl i f i e r ,  and  from the re   t o   t he   e l ec t romagne t i c   shake r .  The 
shaker i s  a t t ached  r ig id ly  to  the  cone  and  se rves  a s  t he  sou rce  o f  
e x c i t a t i o n .  The t ransducers   used   to   record   the   cone   response   to   th i s  
exci ta t ion consis ted of  an accelerometer  and a microphone which were 
used  a l t e r n a t e l y .  The s i g n a l  from  one of t he   t r ansduce r s  i s  then   fed  
by way of a cathode fol lower type preamplif ier  to  the narrow band 
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Table 4.1 Data  on  cones  used  i.n  experimental  invest:igati.ons 





Thickness (h) 0 . 0 6  i n .  0 . 0 6  i n .  
Length (L) 59.7 i n ,  40.45  i n .  
Truncat ion Rat . io  (CY ) 1 0 . 3 8 8 6  0 3881 
M a t e r i a l  304 S t a i n l e s s  304 S t a i n l e s s  
Dimensionless Frequency 
Mu1 t i p l i e r  
5 24 0 4  Hz/X 773.43  Hz/h 
Lower Dimensionless  Ri g 6 ' 6 4  
Frequency 
Upper Dimensionless  Ri g 1 7 . 0 8  
Frequency 











G R A P H I C  L E V E L  
RECORDER 
F IGURE 4.1 A R R A N G E M E N T  OF T E S T   I N S T R U M E N T S  
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ana lyze r .  The narrow  band  analyzer  which, in   the   ins t rument   used ,  i s  
incorporated as p a r t  o f  t h e  s i g n a l  g e n e r a t o r  had t h e  c e n t e r  band 
f r e q u e n c y  o f  t h e  c o n t i n u o u s l y  v a r i a b l e  f i l t e r  (2 3 Hz of  center)  tuned 
to  cor respond to  the  s igna l  be ing  genera ted  and  used  to  exc i te  the  
c o n i c a l  s h e l l .  I n  t h i s  manner  only  the  component  of  the  signal  picked 
up  by the  t ransducer  cor responding  to  the  exc i ta t ion  f requency  was 
r e t a ined  and  f ed  to  the  level r e c o r d e r .  I n  t h i s  way on.ly t h e  c.one 
response to  the generated frequency w a s  recorded  thus  e l imina t ing  the  
e f f ec t s   o f   ha rmon ics ,   r eve rbe ra t ions ,  and s t ray  noise .   Photographs of 
var ious  aspec ts  of  the  exper imenta l  p rogram are  shown i n  F i g u r e s  4 . 2  
through 4 . 6 .  
4 . 3  C o l l e c t i o n  of Data 
The c o n i c a l  s h e l l  bei .ng excited i s  suspended ver t ical1,y so  t h a t  
a f ree- f ree   type   boundary   condi t ion  may be  approximated. The e x c i t e r  
i s  then att :ached to the cone at .  a p o i n t  n e a r  b u t  n o t  a t  t . h e  bott.om 
edge  of  the  cone. The cone was suspended  with  one  end  upp  and  t.hen 
w i t h  t h e  o t h e r  end up so  that .  i t  could be determined to what extent 
t he  end a t  which the cone was exc i t ed  a f f ec t ed  the  expe r imen ta l  re-. 
s u l t s .  Data was taken   wi th   bo th   cones   in   the  two conf igu ra t ions  
r e fe r r ed   t o   above .  A s  mentioned  previously two types  of   t ransducers  
a r e  used: a two gram piezoe1ect.rj.c  accelerometer,  and a one-half   inch 
capac i t ive   type   microphone .   In   the   case   o f   the   acce le rometer ,   a t tach-  
ment t o  t h e  c o n e  s u r f a c e  was accomplished with a hard wax s o  t h a t  no 
a l t e r a t i o n s  were made on t h e  s u r f a c e  o f  t h e  s h e l l .  1.n the  case  of  the  
microphone, i t  was p laced  as  c lose  to  t .he  she l l .  sur face  as  poss ib le  
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F I G U R E  4 .2  I N S T R U M E N T A T I O N   U S E D   D U R I N G   T H E  
E X P E R I M E N T A L   I N V E S T I G A T I O N  
54 
FIGURE W O  U S E D   I N   E X P E R I M E N T S  
:: , 
FIGURE 4.4 ELECTROMAGNETIC SHAKER TO CONE CONNECTION 
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F I G U R E  4.5 CONE  IN  APEX DOWN POSITION  WITH  MICROPHONE 
FIGURE .EROMETER 
&$.,' -. 
4.6 CONE IN APEX  UP POSITION WITH ACCEL 
56 
r 
wi thou t  any  poss ib i l i t y  o f  t he  mic rophone  touch ing  the  she l l  su r f ac . e  
du r ing  a da ta  run .  A d i s t ance  o f  approx ima te ly  th ree  s ix t een ths  o f  an  
inch  was found t o  b e  s a t i s f a c t o r y  f o r  t h i s  p u r p o s e .  
Data was taken using both t ransducers  a t  t h r e e  d i f f e r e n t  p o s i -  
t i o n s  on the  cone  sur face .  The r eco rd ing  po in t s  were p i c k e d  i n  a 
f a i r l y  a r b i t r a r y  manner  wi th  care  be ing  taken  t o  avoid the edges of 
the coneg seams,  and connect ion points  for  t:he e x c i t e r  and  the  su.spen- 
sion  system,  Twelve  runs were made i n  a l l  f o r  e a c h  cone  using a l l  t h e  
combinat ions mentioned above of  t ransducer  type,  t ransducer  locat ion,  
and  cone  or ientat ion.  Each run   cons is ted   o f  a slow  sweep  of  the 
frequency  band  from  one  hundred Hz (below the f i r s t  resonance of 
e i the r   cone )  t o  approximately  six-thousand Hz. The magnitude  of  the. 
response o f  t he  t r ansduce r  was recorded continuously and the paper used 
was frequ.ency  calibrated.   Samples of a po r t ion   o f  two of   t he   cha r t  
records  obta ined  are  shown i n  F i g u r e s  4 - 7  and 4 .8 .  
4.4 Analysis  of  Data 
Once t h e  c h a r t  r e c o r d s  f o r  a l l  d a t a  r u n s  were obtained they were 
broken up into bands corresponding t o  spec i f ic  d imens ionless  f requency  
i n t e r v a l s .  The  number of  peaks  correspondi,ng  to  resonant  frequencies 
o c c u r r i n g  i n  e a c h  band was counted  and  tabulated.  The r e s u l t s  o f  t h i s  
p rocess  appea r  i n  abso lu t e  and i n  non-dimensional form i n  Tables 4 . 2  
through 4 . 1 3 .  The r e s u l t s  p e r t a i n i n g  t o  e a c h  c o n e  were then lumped 
toge ther  and  the  a r i thmet ic  average ,  as  well a s  t h e  a b s o l u t e  maximum 
and minimum for each dimensionless frequency band, i s  shown i n  Table 
4.14. The f i n a l  r e s u l t s  f o r  e a c h  cone. a r e  shown  compared wi th   t he  
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H Z  
FIGURE 4.7 SAMPLE  CHART R E C O R D  FROM  RUN 15 
2300 2400 2 500 2600 2700 2800 2900 3000 
~~ ~~~ 
HZ 
FIGURE 4.8 SAMPLE  CHART  RECORD  FROM  RUN 24 
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Table 4 . 2  Exper imenta l   da ta   for   runs  1 and 2 
~ . - .:. -_"._I ._ ____* "" __ -. 
Run No. 1 Run No. 2 
" -- . . - - ~. . . "" _ _  " ". ~. . "" . . . . . . .. . .. 
Cone No. 1 1 
Or ien ta t ion  Apex Down Apex Up 
Pickup 






0 - 5  
1 , o  
1 , 5  




4 . 0  
4 . 5  
5 . 0  
6 . 0  
7 . 0  
8.0 




10 1 8  
1 3   3 1  
11 4 2  
1 9   6 1  
24  85 
2 1  106 
23  129 
21  150 
4 3   1 9 3  
37  230 
43  273 
46  319 
40  359 
1 , 0 2 5  
2 . 7 4  
6 . 1 5  
1 0 . 6  
14.3 
20 ,. a 
29.0 
3 9 - 7  
44.1 
5 1 . 3  
66.0 
7 8 . 6  
9 3 "  3 




16  24 
14 38 
1 3  5 1  
18 69 
2 I. 90 
17  107 
19  126 
19 145 
44 189 
4 3  232 
42  274 
45  319 
44 363 
1 .025 
2 , 7 4  
8 .20  
1 3 . 0  
1 7 . 4  
2 3 . 6  
30 .8  
36 .6  
43 .0  
49 .5  
64 .. 5 
7 9 . 3  




Table  4 . 3  Exper imenta l   da ta  f o r  runs  3 and 4 
" . 
Run No, 3 Run No. 4 
Cone No. 1 1 
O r i e n t a t i o n  Apex Down Apex Up 
Pickup Accel.erometer Accel.erometer 
Posi. t i .on No. 1 1 
x 
0 . 5  
1.0 
1 . 5  
2.0 
2 .5  
3.0 
3 . 5  
4 . 0  
4 . 5  
5 . 0  
6 - 0  
7 . 0  
8.0 




10 1 7 
1 3  30 
15  45 
15 60 
19  79 
20 99 
19  118 
22  140 
39  179 
38  217 
37 254 
38  292 
39  331 
0 . 6 8 5  
2 .39  
5 . 8 0  
1 0 . 2  
1 5 . 4  
20.5 
27 .0  
3 3 . 8  
4 0 . 4  
4 7 "  9 
6 1 . 1  
7 4 . 1  
8 6 . 9  










2 1  129 
19 148 






2 . 7 4  
7 .41  
1 2 . 3  





5 0 . 5  
6 5 . 3  
7 8 - 0  
9 1 . 5  
104,0 
1 1 7 . 0  
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Table 4.4 Experimental  data  for  runs 5 and 6 













0 . 5  
1 .0  




3 . 5  
4 . 0  
4 . 5  
5 . 0  
6.0 
7 . 0  
8 .0  




8 1 6  
14 30 
15  45 
18   63  




39  179 
43   222  
45  267 
40  307 
41 348 
0 .685 
2 . 7 4  
5 . 4 6  
1 0 . 3  
1 5 . 4  
2 1 . 6  
27 .4  
34 .2  
4 1 . 0  
47 .9  
6 1 . 1  
7 5 . 9  





1 3  2 1  
12  33 
16   49  
20  69 
20  89 
22 111 
21   132  
19 1 5 1  
44 195 
40  ,235 
42  277 
39  316 
46   362 
1 .025 
2 . 7 4  
7 . 1 8  
1 1 . 3  
1 6 . 8  
23 .6  
30 .4  
38.0 
4 5 . 1  
5 1 . 6  
6 6 . 6  
8 0 . 4  




Table 4.5 Exper imenta l   da ta   for   runs  7 and 8 
Run No. 7 Run No. 8 
Cone No. 1 1 
O r i e n t a t i o n  Apex Down Apex Up 
Pickup Accelerometer Acceleromet,er 
Posi   t . ion No. 2 2 
x 
~~ ~ 
0 . 5  
1.0 




3 .5  
4 .0  
4 . 5  
5 .0  
6 . 0  
7 .0  
8 .0  





12  26 
13  39 
13 5 2  
20 7 2  
21  9 3  
18 111 
16 127 






2 - 3 9  
4 . 7 9  
8 .89  





43 .5  
5 8 , l  
7 0 . 5  
83 .4  





1 2  32  








4 2  264 
35 299 
35 334 
0 , 685 
2"  39 
6 .84  
10 .9  
1 6 . 4  
22.2 
29.0 
35 .9  
42 .5  
4 9 . 3  
63.0 






Table 4 . 6  Exper imen ta l   da t a   fo r   runs  9 and 10 
Run No. 9 Run No. 10 
Cone No. 1 
O r i e n t a t i o n  Apex Up 
Pickup Microphone 






0 . 5  
1.0 
1 . 5  
2 "  0 
2 . 5  
3 .0  
3 "  5 
4 . 0  
4 . 5  
5 . 0  
6 . 0  
7 .0  
8 . 0  
9 . 0  




15  29 
1 2  41 
1 3   5 4  
21  75 
20 95 
20 115 
21   136 
42   178 
43   221  
40  261 
44 305 
33  338 
1.02.5 
2.39  
4"  79 
9 . 9 1  
1 4 . 0  
1 8 . 5  
2 5 . 6  
32.5 
39 .3  
4 6 . 9  
6 0 . 9  
7 5 "  5 






1 2  28 
15 4 3  
2 1  64 
19   83  
20 103 
2 1  124 
21  145 
48  193 




1 , 0 2 5  
2.39 
5 . 4 7  
9 . 5 7  
14 .7  
2 1 , 9  
28.4 
3 5 . 2  
4 2 . 5  
4 9 . 5  
66 .0  
8 0 . 6  




Table 4.7  Exper imenta l   da ta   for   runs  11 and 1 2  
Run No. 11 Run No. 1.2 
Cone No. 1 1 
Or ien ta t ion  Apex Down Apex Up 
Pickup Accelerometer Accelerometer 
P o s i t i o n  No. 1 1 
0 . 5  
1 . 0  
1 . 5  
2 .0  
2.5 
3 . 0  
3.5 
4 . 0  
4 . 5  
5 . 0  
6 . 0  
7 . 0  
8 . 0  






1 3  4 2  
15 57 
20 77 
17 9 4  
16  110 






1 . 0 2 5  
2 .39  
5 . 1 4  
9 . 9 1  
14.4 
1 9 . 5  
26 .4  
3 2 . 3  
37.6 
4 3 . 8  
5 7 . 0  
6 7 . 7  
81 .5  






12  39 
18   57  
20 77 
18   95 .  
2 1  116 





3?  328 
1 .025 
2 .39  
5 . 8 1  
9 . 2 2  
1 3 . 3  
1 9 . 5  
2 6 . 4  
32 .5  
39.7 
4 5 . 9  
6 1 . 1  
7 1 . 5  
85 .5  
9 9 . 5  
112.0  
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Table 4.8 Experimental  data for runs  13 and 14 
Run No. 13 Run No. 14 
2 2 
Orientation Apex Down Apex Up 
Pickup Microphone Microphone 
Pos i t  ion No. 1 1 
. " ,  ~ 
x 
0 . 5  3 3 0.717 4 4 0.955 
1 .0  5 8 1 .91  9 13   3-11  
1 .5  1 2  20 4.78 10 23 5.50 
2.0 10 30 7 . 1 7  19  42 10.0 
2.5 15  45 10 - 8 18 60 14 .3  
3.0 16  61 14.6 2 2  82 19.6 
3.5 20 8 1   1 9 . 3  2 1  103 24.6 
4.0 26 107 25.6 26 129  30.8 
4 .5  27 134  32.0 25 154  36.8 
5.0 24 158  37.8 28 182  43.5 
6.0 7 1  229 54.8  63 245 58.5 
7.0  61 290 69.3 55 300 71.6 
8.0 60 350 83.6  56 356 85.0 
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Table 4 . 9  Experimental  data f o r  runs 15 and 16 
Run No. 15  Run No. 16 
Cone No. 2 2 
Orientation Apex Down Apex Up 
Pickup Accelerometer Accelerometer 
























18  79 
23  102 
23  125 
22  147 
56 203 
49  252 









































Table 4.10 Experimental   data  for runs 17  and 18 
.~ ~ ~ _" . . ~ 
Run No. 1 7  Run No. 1 8  
." " . .  ~ -. "_ ~ - ~. 
Cone No. 2 2 
O r i e n t a t i o n  Apex Down Apex Up 
Pickup  Microphone  Microphone 
P o s i t i o n  No. 2  2 
~ . .- - , " ~ .. -. . 
h s i n q  ; (1-a,> JI l o -2  s i n $  (1-a,> 
- - . .. - . . - - - - .. ""i_.L~.,". .. __- - .  . " 
0 . 5  5 5 1 . 2 0  3  3 0 . 7 1 7  
1 . 0  7 12   2 .87  7 10 2 .39  
1 . 5  10 2 2   5 . 2 6  9 1 9  4 . 5 4  
2.0 18  40 9 . 5 6  16  35 8 .36  
2.5 1 8   5 8  1 3 . 9  18   53  12 .  '7 
3 . 0  17  75 1 7 . 9  22  75 1 7 . 9  
3 . 5  14 89  21 .2   23   98   23 .4  
4 . 0  25 114 27. 2 26   124  29 .6  
4 .5   16   130  31 .1   22   146  34 .9  
5 . 0  30 160  38. 2 23   169   40 .4  
6 .0   69   229  54 .8   62   231  55 .3  
7 . 3  67  296 7 0 . 8  63  .294 7 0 . 3  
8 .0  66  362 86 .5  66 360 8 6 . 0  
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Table  4 .11  Experimental   data  for runs  19  and 20 
Run No. 19 
~ " . .. " ~~ ~"~ 
Run No. 20 
Cone No. 2 
O r i e n t a t i o n  Apex Down 
Pickup Accelerometer 








0 .5  4 4 0.955 3 3 0 ,717  
1.0 8 1 2  2 .87  6 9 2.15 
1.5 10 22 5.25 10 19 4.55 
2.0 9 31  7.41  16 35 8.36 
2,5 1 7  48  11.5 1 7  52  12.4 
3.0  16 64 15 .3  20 7 2  1 7 . 2  
3.5  18  82  19.6 20 92  22.0 
4.0 22 104  24.9  23 115 27.5 
4.5  16  120  28.7 22 137  32.8 
5.0 25 145  34.7 26 163  39.0 
6.0 51 196  46.9 51  214 51 .1  
7.0  53 249 59.5  53 267 63.9 
8.0  55  304  72.6  43 310 74.0 
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Table 4.12 Experimental  data  for  runs 21  and 22 




Orientation Apex Down Apex  Up 
Pickup Microphone Microphone 
Position No. 3 3 
. - -2 .. -2 
x 
. ~~ - - - . - . . 
0 . 5  3 3 0.717 3 3 0.717 
1 .0  5 8 1 . 9 1  5 8 1.91 
1.5 13 21 5 .01  10 18 4.30 
2.0 14 35 8.36 20 38 9.08 
2.5 18 53 12.7 22 60 14 .3  
3.0 19 72 17. 2 23 83 19.9 
3.5 22 94  22.5  24  107  25,6 
4.0 25 119  28.4 25 132  31.6 
4 "  5 20 139  33.2 24 156  37.3 
5.0 27 166  39.7  32  188  45.0 
6.0  63 229 54.7  63 25.1 60.0 
7.0 65 294 70.3  61 312 74.5 
8.0 58 352 84.0 52 364  87.0 
". 
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Table 4 . 1 3  Experimental  data  for  runs 23 and 24 
Run No. 23 Run No. 24 
Cone No. 2 2 
Orientation Apex  Down Apex Up 
Pickup Accelerometer Accelerometer 
Position NO. 3 3 
x 
0 . 5  
1 .0  
1 . 5  
2 .0  
2 .5  
3 .0  
3 . 5  
4 . 0  
4 . 5  
5 . 0  
6 . 0  
7 .0  
8 . 0  
9 . 0  
3 3 
5 8 
11 1 9  
11 30 
22 5 2  
16 68  
18 86 
22 108 
21  129 
25 1 5 4  
55 209 
5 4  263 
43 306 
0 . 7 1 7  
1 . 9 1  
4 . 5 4  
7 . 1 7  
1 2 . 4  
16 .  2 
2 0 . 6  
2 5 . 8  
3 0 . 8  
3 6 . 8  
5 0 . 0  
6 2 . 9  
73 .1  
3 3 
5 8 
11 1 9  
15 34 
21  55 
18 73 
21  9 4  
23 11.7 
19 136 
26 1 6 2  
55 217 
41 258 
4 2  300 
0 . 7 1 7  
1 . 9 1  
4 . 5 4  
8 . 1 3  
1 3 . 1  
17 .5  




5 1 . 9  
6 1 . 6  




Table  4 .14  Tabulat ion of exper imenta l   da ta  i n  reduced form 
CONE 1 CONE 2 
A 
min.  average max m.in I average max . 
~~ 
0 ” .5 
1 , o  
1 .5  
2.0 















1 3 . 3  1 5 , 3  






67. 7 75.7 
81.5 89.7 
92.6 103.0 







30 .8  
39.7 







0 I 478 0 7 7 ‘7 
1 .91  2. 27  
4.30 4.82 
7 . 1 7  8 .23  
10.8 1 2 . 7  
14.6 17.0 
18.9 2 1 . 7  
24.4 27.5 
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a n a l y t i c a l  r e s u l t s  i n  F i g u r e s  4 . 9  and 4.10. A n a l y t i c a l  r e s u l t s  cor- 
responding  to  both  f requency  equat ions  a re  shown. 
Agreement  be tween the  ana ly t ica l  and  the  exper imenta l  resu l t s  
appears  to  be  very  good.  Data was no t  t aken  beyond s i x  thousand Hz, 
because beyond this  point  a good deal  of  overlap between modes appeared 
to   be   p resent .   This  caused  the   r e sonan t   peaks   t o  become less pro- 
nounced on the   char t   record   as   t .he   f requency  was increased.   This   over- .  
lapping made i t  d i f f i c u l t  t o  c o u n t  t h e  number of resonant: peaks i n  t h e  
l a s t  two or  th ree  f requency  bands  ana lyzed  in  the  case  of  each  cone ,  
and  probably  caused  the  va lues  obta ined  exper imenta l ly  in  these  bands  
t o  be somewhat lower than would otherwise be the case. 
It  should be mentioned that  the data  runs taken using the 
acce lerometer  as  a pickup were c o n s i s t e n t l y  l o w e r  o v e r a l l  t h a n  t h o s e  
obtained  using  the  microphone  as   the  t ransducer .   This  i s  a s  would  be 
expec ted ,  s ince  the  acce lerometer  p icks  up only  the  response  of  the  
cone a t  t h e  p o i n t  a t  which i t  i s  attached, whereas the microphone 
would t end  to  p i ck  up the response of the cone over a broader  area.  
This would tend to make the  mic rophone  s l igh t ly  less s e n s i t i v e  t o  
p o s i t i o n ,  and  would  decrease  the  poss ib i l i ty  of  miss ing  a mode i f  t h e  
t ransducer  were located on or  near  a n o d a l  l i n e  f o r  some of  the modes 
p r e s e n t  i n  t h e  c o n i c a l  s h e l l .  
The pos i t i on  o f  t he  t r ansduce r  on  the  she l l  su r f ace ,  and  the  
o r i e n t a t i o n  of the cone seemed to  have  very  l i t t l e  e f f e c t  on t h e  
overa l l   count   o f   resonant   f requencies   ob ta ined .  However,  some d i f -  
ferences were noted in  the shape and magnitude of  specif ic  resonant  
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some e x t e n t  w i t h  r e s p e c t  t o  t h e  f r e q u e n c y  a t  w h i c h  t h e y  o c c u r r e d .  
This  would be expected s ince changes in  the or ientat ion of the cone 
would a f f e c t   t h e   b o u n d a r y   c o n d i t i o n s   s l i g h t l y .  It  has  already  been 
noted i n  s e c t i o n  2 tha t  changes  in  boundary  condi t ion  w i l l  e f f e c t  t h e  
f i r s t  few re sonan t  modes s l i g h t l y ,  b u t  w i l l  have 1 . i t t l e  e f f e c t  on 
h ighe r  modes 
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5. SUMMARY AND CONCLUSIONS 
The r e su l t s  o f  t he  ana ly t i ca l  de t e rmina t ion  o f  expres s ions  fo r  
the cumulat ive number of eigenvalues up t o  a given dimensionless 
frequency, and the modal o r  e i g e n v a l u e  d e n s i t y  w i t h  r e s p e c t  t o  dimen- 
s ion le s s  f r equency  a re  g iven  in  Tab le  3 .1 .  The r e su l t s  have  a l so  been  
p r e s e n t e d   i n   g r a p h i c a l   f o r m   i n   F i g u r e s  3.20  and 3-21 ,   There   a re  
ce r t a in  l imi t a t ions  r ega rd ing  the  r e su l t s  ob ta ined  wh ich  shou ld  be  
noted before  any at tempt  is  made t o  u s e  them t o  p r e d i c e  a c t u a l  v a l u e s .  
F i r s t  of a l l  t h e  c u r v e s  and equations are  inva l id  fo r  cones  wi th  
l a r g e  cone angles i n  t h a t  t h e  s h e l l  g o e s  i n t o  a so  c a l l e d  p l a t e  mode 
(above upper  r ing frequency solut ion)  even before  the lower r ing 
frequency i s  reached,  Secondly  the resul ts  a r e   i n v a l i d   f o r   c o n e s   w i t h  
l i t t l e  o r  no t r u n c a t i o n  i n  t h a t  t h e  s h e l l  g o e s  i n t o  t h e  p l a t e  mode 
long  before  the  upper  r ing  f requency  i s  reached  (but  no t  before  the  
lower   r ing   f requency   except   as   no ted   above) .   F ina l ly  i t  should  be 
remembered tha t  the  express ions  obta ined  do no t  g ive  exp l i c i t  i n fo rma-  
t ion  regard ing  the  f requency  band between the upper and lower ring 
f requencies ,  a l though fa i r  approximat ions  for  the  va lues  in  th i s  reg ion  
may be  ob ta ined  us ing  the  t echn iques  desc r ibed  in  sec t ion  3 .4 .  
Aside from the exceptions noted above, the desired expressions 
fo r  t he  cumula t ive  number of e igenvalues  and  the  e igenvalue  dens i ty  
of a t h i n  c o n i c a l  s h e l l  have  been  obtained. The express ions   p resented  
in  Tab le  3 .1  have been normalized i n  s u c h  a way a s  t o  make them i n -  
dependent  of  the  cone  geometry.  Figures  3.20  and  3.21  have  been 
hand led  in  a s i m i l a r  manner except for t h e  f a c t  t h a t  t h e  c o n e  a n g l e  
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appears  as  a parameter  for  the resul ts  below the lower r ing frequency.  
The upper  r ing  f requency  has  not  been  ind ica ted  in  the  f igures  s ince  
i t  i s  a f u n c t i o n  o f  t h e  t r u n c a t i o n  r a t i o  of  the cone and may va ry  
anywhere  from the  lower  r ing  f requency  for a completely t runcated 
c o n e  t o  i n f i n i t y  f o r  a closed cone. 
The r e s u l t s  o f  t h e  companion experimental  investigation which was 
undertaken are presented  in   Figures   4 .9   and  4-10.   Besides   the  experi-  
men ta l  va lues  fo r  t he  cumula t ive  number of  e igenvalues ,  the t.wo 
ana ly t ica l  curves  based  on  the  two f requency  equat ions  a re  a l so  shown 
i n  t h e s e  f i g u r e s .  Very good agreement i s  obtained  between  the  experi-  
mental  resul ts  and the analyt ical  curves ,  a l though.  the experimental  
va lues  appea r  t o  d rop  o f f  fo r  t he  h ighe r  f r equenc ie s  inves t iga t ed .  
This i s  due to  an overlapping of  resonant  modes r a t h e r  t h a n  a n  a c t u a l  
d r o p  o f f  i n  t h e  number of  eigenvalues.   This i s  a l so  the  r eason  da ta  
was no t  ob ta ined  fo r  f r equenc ie s  h ighe r  t han  those  g iven .  
The values  for  the upper  and lower r ing frequencies  are  a lso 
noted in   the   f igures   cor responding   to   each   cone .  It i s  s e e n   t h a t   t h e  
data  taken only extended a s h o r t  way in to  the  reg ion  be tween the  two 
r ing   f requencies .   Therefore   the   exper imenta l   inves t iga t ion   se rved  
o n l y  a s  a check  of  the  ana ly t ica l  resu l t s  below the lower r ing frequen-  
cy. Due to  the  over lapping  of  modes i n  t h i s  f r e q u e n c y  domain i t  was 
n o t  p o s s i b l e  t o  obtain data above the upper ring frequency, henc.e the 
t r a n s i t i o n  o f  t h e  c o n i c a l  s h e l l  i n t o  a p l a t e  mode was no t  de t ec t ed  
experimental ly .  However i t  would seem r e a s o n a b l e  t h a t  t h i s  would  be 
the  case ,  a s  i nd ica t ed  by the resul ts  based on frequen.cy equat ion one.  
It i s  c o n c l u d e d  t h a t  t h e  e x p e r i m e n t a l  r e s u l t s  c o r r e l a t e  w i t h  t h e  
r e s u l t s  of  the two a n a l . y t i c a 1  s o l u t i o n s  i n  t h e  r e g i o n  w h e r e  t h e  two 
a p p r o a c h e s  p r e d i c t  e s s e n t i a l l y  t h e  same va lues  for the cumulat ive 
number of e igenvalues ,   tha t  i s  below  the  lower  r ing  f requency,  Above 
the  upper  r ing  f requency  da ta  was not obt. .ained, but since frequency 
equat ion two i s  known t o  be i n v a l i d  i n  t h i s  r a n g e ,  and s i n c e  it i s  
expected that  a t  h igh  f r equenc ie s  the  she l l  would e x h i b i t  a p l a t e  mode, 
t h e  r e s u l t s  i n  t h i s  r a n g e  b a s e d  on frequency equation one are assumed 
t o  b e  v a l i d .  
In  conclus ion ,  i t  may be s ta ted  tha t  express ions  have  been  ob- 
t a ined fo r  t he  cumula t ive  number of modes., and f o r  t h e  modal  densi ty  
above the upper ring frequency and below the lower ring frequency. 
The r e s u l t s  a r e  i n  a g r e e m e n t  w i t h  e x p e r i m e n t a l  r e s u l t s  below the lower 
ring frequency and behave as would  be  expected  above  the  upper  rin.g 
frequency.  Between  the  upper  and  lower  r ing  frequencies a procedure 
by wh ich  the  des i r ed  va lues  may be approximated i n  a n  a c c u r a t e  manner 
has also been given. 
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6 .  RECOMMENDATIONS 
Based  on  the  f requency  equat ions  presented  in  th i s  paper ,  
express ions  for  the  cumula t ive  number of eigenvalues and the  e igen-  
v a l u e  d e n s i t y  of t h in  con ica l  she l l  have  been  ob ta ined  fo r  t he  f r e -  
quency  ranges  discussed. However, t h e r e   a r e  s t i l l  s e v e r a l   a r e a s   i n  
which  fur ther  work on th i s  sub jec t  cou ld  be  done ,  
F i r s t  of a l l ,  t he  k - space  in t eg ra t ion  t echn ique  cou ld  s t i l l  
theo re t i ca l ly  be  used  to  compute r e s u l t s  b a s e d  on t h e  f i r s t  f r e q u e n c y  
equation.  This  technique was not   used   as  i t  was not   necessary   to   use  
i t  i n  o r d e r  t o  o b t a i n  t h e  d e s i r e d  resul ts ,  and because of  the diff i -  
cu l t ies   ment ioned   in   ob ta in ing   the   appropr ia te   k -space  limits. How- 
e v e r ,  t h i s  method would provide a good check of the work presented 
here ,  and would also offer  a much f a s t e r  way, w i t h  r e s p e c t  t o  computer 
t i m e ,  of  obtaining the cumulat ive number of eigenvalues and eigenvalue 
curves  versus  dimensionless  frequency.  This  would  be  particularly 
h e l p f u l  i f  more exact  information regarding the region between the 
two r i n g  f r e q u e n c i e s  was r e q u i r e d  f o r  s p e c i f i c  c o n e s ,  
A second  a rea  o f  poss ib l e  ana ly t i c  i n t e re s t  would  be a more exac t  
method of handling the expressions in the frequency range between 
the  upper  and  lower  r ing  frequencies.  It would  probably  be  necessary 
to  use  the  k-space  in tegra t ion  d iscussed  above  to  per form a more 
complete  parameter  study of cone  geometries i n  t h i s  r e g i o n .  The i n -  
formation which has  been obtained indicat ,es  that  the cone parameters  do 
no t  a f f ec t  t he  cu rves  in  an  independen t  manner i n  t h i s  r e g i o n .  It  
appears  that  the relevant  combinat ion of  parameters  would have to  be 
i s o l a t e d ,  i f  i n d e e d  t h i s  is  poss ib l e ,  be fo re  expres s ions  in  th i . s  
region could be formulated.  
F i n a l l y ,  t h e r e  i s  s t i l l  a need,  al though  of less importance  for  
more experimental  work in  the  a rea  o f  cones .  The data   present .ed  does 
not   extend  i .n to   the  region  above the upper   r ing   f requency ,   In   o rder  
t o  o b t a i n  d a t a  i n  this a rea  i t  would be necessary to either improve 
t h e  s e n s i t i v i t y  of the instrumentat ion used or  to  choose a cone 
geometry where mode over lap  does  not  become a p rob lem un t i l  w e l l  i n t o  
the r eg ion  o f  i n t e r e s t ,  The l a t t e r  procedure  would  probably  be the 
e a s i e r  o f  t h e  two, a s  i t  i s  f e l t  t h a t  t h e  i n s t r u m e n t a t i o n  u s e d  p e r -  
formed i n  a v e r y  s a t i s f a c t o r y  manner. 
It migh t  a l so  be  added  tha t  s ince  th i s  pape r  i s  based on a s i n g l e  
f requency equat ion der ivat ion which i s  approx ima te ,  t he  poss ib i l i t y  i s  
open  for  a s imi l a r  t ype  o f  ana lys i s  on  a less approximate equation. 
However, unless  an exact  f requency equat ion were obtained,  i t  i s  f e l t  
t h a t  t h e r e  would  be l i t t l e  v a l u e  i n  t h i s  p r o c e d u r e  a s  t h e  r e s u l t s  
obtained appear  to  be of  suff ic ient  accuracy for  engi .neer ing work.  
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8 .1  Development  of Different ia l   Equat ions  and  Frequency  Equat ion 
8 1.1 Equilibrium  Equations 
S t a r t i n g  w i t h  t h e  e q u i l i b r i u m  c o n d i t i o n s  on a t y p i c a l  c o n i c a l  
she l l  e l emen t ,  t he  d i f f e ren t i a l  equa t ion  o f  mot ion  w i l l  be obtai.ned. 
F i g u r e  8 , l  shows the basic  geometry of  a c o n i c a l  s h e l l  and  of a t.ypica1 
element on t h e  s u r f a c e  o f  t h e  s h e l l .  I n  t h e  f i g u r e ,  @ i s  one-half   the  
apex  angle  of  the  cone, r i s  the  rad ius  of  the  cone  measured  in  the  
p lane  perpendicular  to  the  ax is  o f  the cone, x i s  the  coord ina te  a long  
the cone surface measured from the apex, and 8 is  the  angular  co-  
o rd ina te  measu red  in  the  p l ane  pe rpend icu la r  t o  the  cone  ax i s .  A l so ,  
L i s  the   s lan t   l ength   f rom  the   apex   to   the   base   o f   the   coneg  L i s  t h e  
s l a n t  l e n g t h  from the apex to  the top of  the cone,  and h i s  the  th i ck -  
ness of the cone. 
t 
F igu re  8 . 2  shows a typical  e lement  of  the cone with the var ious 
stress r e s u l t a n t s  i n d i c a t e d  i n  t h e i r  p o s i t i v e  d i r e c t i o n s  a l o n g  w i t h  
t h e   t h r e e  body f o r c e s  X, Y, and 2. I n   F i g u r e  8 . 2  the   normal   s t ress  
r e s u l t a n t s  a r e  i n d i c a t e d  by N and Ne> t h e  s h e a r  s t r e s s  r e s u l t a n t s  a r e  




Assuming t h a t  t h e  s h e l l  i s  of cons t an t  t h i ckness  (h) t h e  resul t -  
an t  fo rces  ac t ing  i . n  t he  xg  ys  and z d i r e c t i o n s  may be determined, 
where z i s  the  coord ina te  perpendicular  t o  t h e  s h e l l  s u r f a c e  and y i s  
the   coord ina te   perpendicular   to   the   x -z   p lane .  Summing t h e   f o r c e s  
a c t i n g  i n  e a c h  c o o r d i n a t e  d i r e c t i o n  and neglect ing second order  and 
a4 
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h i g h e r  terms 
are  obta ined:  
t h e  t h r e e  f o r c e  e q u i l i b r i u m  e q u a t i o n s  f o r  a c o n i c a l  s h e l l  
F igu re  8 . 3  shows a t y p i c a l  s h e l l  e l e m e n t  w i t h  t h e  s i x  moment 
r e s u l t a n t s  n e c e s s a r y  f o r  e q u i l i b r i u m  a c t i n g ,  a g a i n  a l o n g  w i t h  t h e  
t h r e e  body f o r c e s .  The moment r e s u l t a n t s  a r e  shown i n  t h e  f i g u r e  i n  
t h e i r  p o s i t i v e  d i r e c t i o n s .  Under the   assumpt ion   tha t   the   th ickness  of 
t h e  s h e l l  i s  constant,  remembering moment con t r ibu t ions  due  to  the  
s t r e s s  r e s u l t a n t s  i n  F i g u r e  8 .2 ,  and neglec t ing  second order  and  h igher  
terms whi.ch appear ,  the  three  moment equi l i .br ium equat ions may be 
w r i t t e n  i n  t h e  f o l l o w i n g  form: 
a a 
+ Mex s i n  $ + ;ve (Me) = Qer 
a a 
- (rMx) - z ex -QXr (M ) + Me s i n $ =  
Mex cos $ + r N  xe - rNex = 0 . 
8 . 1 . 2  D i f f e ren t i a l   Equa t ions  
It i s  now necessa ry  to  ob ta in  t . he  s t r a in  r e l a t , i onsh ips  fo r  t he  
she l l   e lement   in   t e rms   of   the   th ree   d i sp lacements   o f   the   she l l ,  The 
d isp lacement  in  the  x d i r e c t i o n  i s  g iven  the  symbol u , ~  t h e  d i s p l a c e -  
ment i n  t h e  0 d i r e c t i o n  h a s  t h e  symbol v g  and the  d i sp lacemen t  in  the  
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z d i r e c t i o n  t h e  symbol w. Also d e f i n i n g  t h e  t h r e e  s t r a i n s  d u e  t o  
ex tens ions   o f   t he   midd le   su r f ace  as  fol lows.  The change i n  l e n g t h  i.n 
t h e  x d i r e c t i o n  o v e r  t h e  l e n g t h  o f  t h e  e l e m e n t  i n  t h e  x d i r e c t i o n  i s  
g iven   t he  symbol E t h e   c h a n g e   i n   l e n g t h   i n   t h e  8 d i . r ec t ion   ove r   t he  
length  of  the  e lement  in  the  8 d i r e c t i o n  t h e  symbol ce, and the change 
in  ang le  be tween  the  x and 8 d i r e c t i o n s  t h e  symbol. yexu The t h r e e  
e x t e n s i o n a l  s t r a i n s  may be w r i t t e n  i n  terms of the  d isp lacements  as  
follows: 
X' 
E = x  aU X 
These  then  a re  the  s t r a ins  in  the  midd le  su r face  a s soc ia t ed  wi th  
t h e  e x t e n s i o n  o f  t h e  m i d d l e  s u r f a c e  i n  terms of the displacements of 
t he  midd le  su r face  u, v,  and w. T h e r e  a r e  a l s o  t h r e e  s t r a i n s  a s s o -  
c i a t ed  wi th  the  bend ing  of the  middle  sur face  which  are  g iven  the  
symbols X Xe, and T. Assuming t h a t   t h e   s t r a i n   i n   t h e   z - d i r e c t i o n  is  
approximately zero,  and that  the u and v displacements do n o t  a f f e c t  
t h e  b e n d i n g  s t r a i n s  s i g n i f i c a n t l y ,  and t h a t  t h e  d i s p l a c e m e n t  i n  t h e  
z d i r e c t i o n  i s  much smaller  than the radius  of  the cone (r) ,  t h e  
b e n d i n g  s t r a i n s  may be w r i t t e n  i n  terms of  the  d isp lacement  in  the  z 
d i r e c t i o n  (w) i n   t h e   f o l l o w i n g  manner: . 
X' 
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Equations  (8.7)  through (8.12)  have  been  derived by Flugge (1966)  and 
Wang (1953) . 
The stress r e s u l t a n t s  and moments used i n  t h e  e q u i l i b r i u m  equa- 
t i o n s  and shown in  F igu res  8 .2  and  8 .3  a re  de f ined  in  t e rms  of t h e  
normal and shear stress in  the  fo l lowing  conven t iona l  manner,  where h 
i s  the  th i ckness  o f  t h e  s h e l l :  
h/ 2 
-. / ' ue dz 
-h/2 
h/2 
= J '  T dz 
NOx -h/2 ex 
h/2 









h/2 z cos 9 
MXe = 4 xe T (1 - ) zdz -h/ 2 r (8 e 19) 
(8.20) 
The no rma l   s t r e s ses  u and ue and   the   shear  stress 7 are re- 
X 
l a t e d  f o r  a n  e l a s t i c  s h e l l  t o  t h e  s t r a i n s  i n  t h e  s h e l l  by the  theory  
of e l a s t i c i t y  i n  t h e  f o l l o w i n g  manner,  where v i s  Poisson ' s  Rat io :  
(8.21) 
(8.22) 
(8  23) 
where EX, Fe,, and 7 a r e   t h e   t o t a l   s t r a i n s   i n   t h e   s h e l l   s u r f a c e .  ex 
The t o t a l  s t r a i n s  are  r e l a t e d  t o  t h e  e x t e n s i o n a l  s t r a i n s  and t h e  bend- 
ing   s t ra ins   g iven   in   equa t ions   (8 .7)   th rough  (8 .12)  by the   fo l lowing  
r e l a t i o n s h i p s :  
E = E + z x x  (8.24) X X 
E = Ee + z xe (8 25) e 
- - rex - rex + 227 . (8.26) 
Using  equations  (8.24)  through  (8.26)  along  with  equations  (8.21) 
th rough  (8 .23 )  to  expres s  the  s t r e s ses  in  terms of  the  bending  and 
e x t e n s i o n a l  s t r a i n s  and then using this  r e s u l t  t oge the r  w i th  equa t ions  
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(8 .13)   through  (8 .20)   expressions  for   the stress r e s u l t a n t s  i n  terms 
o f  the  ex tens iona l  and  bend ing  s t r a ins  a re  ob ta ined .  In  SO doing it 
i s  assumed t h a t  t h e  h cos q/r term o c c u r r i n g  i n  several of  the  stress 
r e s u l t a n t  d e f i n i t i o n s  i s  small compared t o  u n i t y  and may be neglected.  
This  assumpt ion  has  the  added  ef fec t  o f  sa t i s fy ing  equi l ibr ium equa-  
t i on  (8 .6 )  i den t i ca l ly ,  wh ich  the re fo re  needs  no f u r t h e r  c o n s i d e r a t i o n .  
The stress r e s u l t a n t s  may b e  w r i t t e n  as follows: 
- Eh 3 








For   the  remaining  equi l ibr ium  equat ions  (8 .1)   through (8.5), t h e  
fol lowing assumptions are  made. The X and Y body fo rces  are assumed 
to   be   un impor t an t   i n   t he   v ib ra t ion   p rob lem,  and a re   neg lec t ed .  It 
'is a l s o  assumed t h a t  t h e  t r a n s v e r s e  s h e a r  may b e  n e g l e c t e d  i n  t h e  
second  equi l ibr ium  equat ion  (8 .2) .   This   assumption i s  based  on  the 
s u p p o s i t i o n   t h a t   t h e   r a d i u s   o f   c u r v a t u r e   o f   t h e   s h e l l  is  l a r g e .  The 
equi l ibr ium equat ions  may t h e r e f o r e  b e  w r i t t e n  as: 
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a a x (rNx) - Ne + 35 ex (N ) = O  ( 8 . 3 3 )  
a a 
= e  (N ) + x (rNex) + Nex s i n $  = 0 ( 8 . 3 4 )  
( 8 . 3 5 )  
- x (rMx) - a (M ) + M s i n $ +  rR = 0 . a 3F ex 0 ( 8 . 3 7 )  
The s t r e s s  f u n c t i o n  (0) which i s  a func t ion  of  the  coord ina tes  x 
and i s  now introduced.  The stress f u n c t i o n  is  d e f i n e d   i n   t h e   f o l -  
lowing manner: 
( 8  I 38)  
( 8   3 9 )  
( 8 . 4 0 )  
By d e f i n i n g  t h e  stress func t ion  in  the  above  manner, t h e  f i r s t  
two equi l ibr ium  equat ions  ( 8 . 3 3 )  and ( 8 . 3 4 )  are s a t i s f i e d  i d e n t i c a l l y .  
This may be shown t o  be  t rue  mere ly  by s u b s t i t u t i n g  e q u a t i o n s  ( 8 . 3 8 )  
through ( 8 . 4 0 )  i n t o  t h e  two equi l ibr ium  equat ions  ment ioned.  
Examinat ion of  the relat ionships  c i ted previously for  the bending 
s t r a i n s  (8.10) through ( 8 . 1 2 )  revea ls   the   fo l lowing .  The f u n c t i o n a l  
dependence between the displacement  normal  to  the shel l  surface w(x,8)  
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and  the  th ree  bend ing  s t r a ins ,  Xx, %, and T i s  i d e n t i c a l  t o  t h a t  
between the stress funct ion @(x,@) and the stress r e s u l t a n t s  N 
and N as given by equations  (8.38)  through  (8.40).   Therefore  since 
equat ions  (8 .38)   through  (8 .40)   sat isfy  equat ions  (8 .33)   and  (8 .34)  
i d e n t i c a l l y ,  a s i m i l a r  r e s u l t  would  be  expected  regarding X Xe, and 





(rx,) - Xx s i n  $ - (T) 0 (8.41) 
a 
+ ;5;; (r'c) - T s i n $ =  0 . (8.42) 
U s i n g  t h e  f i r s t  two moment equilibrium  equations  (8.36)  and  (8.37) 
e x p l i c i t   e x p r e s s i o n s   f o r   t h e   t r a n s v e r s e   s h e a r s  and Q, may be ob- 
t a ined .  If t h i s  r e s u l t  i s  used in   conjunct ion   wi th   the   express ions  
f o r  t h e  moments i n  terms of   the  bending  s t ra ins   (8 .30)   through  (8 .32)  
and  the  ident i t les   obtained  above  (8 .41)  and  (8.42)  the  following 
expressions may be  wr i t t en  fo r  t he  t r ansve r se  shea r  componen t s :  
Eh3 a 
-R = 2 4 + xel 12(l-v ) (8.43) 
(8,44) 
In t roducing  the  express ions  for  the  bending  s t ra ins  in  te rms  of  
the  normal  displacement  (8.10)  and  (8.11)  and  the v 2  o p e r a t o r  t h e  
expres s ions  fo r  t he  t r ansve r se  shea r  components become: 
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( 8 . 4 5 )  
( 8 . 4 6 )  
where 
R e t u r n i n g  t o  t h e  f i n a l  e q u i l i b r i u m  e q u a t i o n  ( 8 . 3 5 )  and u s i n g  t h e  
expressions ( 8 . 4 5 )  and ( 8 . 4 6 )  t o   e l i m i n a t e   t h e   t r a n s v e r s e   s h e a r  terms, 
the z equi l ibr ium equat ion  may be  expres sed  wi th  the  a id  o f  t he  de f in i -  
t i o n  of t h e  v2 opera to r  a s  
cos 9 Eh3 2 2  
- -" Ne - 12(1 -v  ) 2 
v v w + z = o .  ( 8 . 4 7 )  
Equation ( 8 . 4 7 )  may b e  r e w r i t t e n  i n  a simpler form by u s i n g  t h e  
d e f i n i t i o n  of t h e  stress f u n c t i o n  ( 8 . 3 9 )  t o  e l i m i n a t e  t h e  stress 
r e s u l t a n t  N 0: 
cos JI a @ + 2 Eh3 2 2  z 12(1-v2) v w - z = o .  ( 8 . 4 8 )  
This then i s  t h e  f i r s t  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  m o t i o n  of a 
c o n i c a l   s h e l l .  The equat ion i s  expressed  in   terms  of  two dependent 
v a r i a b l e s  @ and w which  a re  both  func t ions  of  the  two independent 
v a r i a b l e s  x and 0 .  I n  o r d e r  t o  o b t a i n  a s e c o n d  d i f f e r e n t i a l  e q u a t i o n  
s o  tha t  the  sys tem of  equat ions  may be solved, a form of t h e  c o n t i n u i t y  
equat ion   involv ing   the   vo lume  defonnat ion8- i s   in t roduced .  The volume 
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deformation i s  def ined  as  the  sum o f  the  two ex tens i . ona1  s t r a ins  E 
and E@. Therefore  from cont inui . ty   cons idera t ions   the   fo l lowing  
equa t ion  i s  w r i t t e n :  
X 
2 l a  aw v " - (1-v) - r [-& (cos q"$ = 0 (8.49) 
Using t h i s  e q u a t i o n  t o g e t h e r  w i t h  t h e  a b o v e  d e f i n i t i . o n  o f  volume 
deformation,  the  expressions f o r  t.he stress resu1tan t : s  in  terms of 
ex tens iona l   s t r a ins   (8 .27 )  and  (8.28),   the  defi .nit i .on  of  the stress 
funct ion (8. ,  38)  and (8.39) ,  and the def ini . t ion of  the v 2  ope ra to r  
t he  fo l lowing  r e l a t ionsh ip  may b e  w r i t t e n :  
(8.50) 
Equat ions  (8 .48)   and  (8 .50)   are   therefore   the  different ia l   equa-  
t ions  governing  the  motion  of  a t h in   con ica l   she l l .   These   equa t ions  
have  been  der ived  in  a more gene ra l  form by  Vlasov  (1949)  and  have  been 
used in  approximate ly  the  form given by Godzevich (1962) applied to a 
c o n i c a l  s h e l l .  
The d i f fe ren t i . a l  equa t ions  der ived  above  are  based  on  severa l  
assumpt,ions which alt.hough not,ed in  the  de r i . va t ion  w i l l  be r e s t a t . ed  
h e r e  i n  a c o l l e c t e d  form, It was assumed t h a t  t h e  s h e l l  t h i c k n e s s  (h) 
r ema ined  cons t an t  ove r  t he  she l l ,  t ha t  t he  she l l  ma te r i . a l  obeyed  Hooke.'s 
e l a s t i c  law, tha t  t he  compress i . ve  s t r a in  o f  t he  she l .1  e l emen t  i n  the  
2 , -d i r ec t ion  was approximate ly  zerog  tha t  the  u and v displacements of 
t he  she l l  e l emen t  d id  no t .  app rec i ab ly  a f f ec t  t he  bendi.ng s t r a i n  r e l a -  
t i ons ,  and  tha t  t he  X and Y body forces  could  be  neglec t ing  i n  the  
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formula t ion  of  the  v ibra t ion  problem.  A l l  of these  assumptions  appear  
t o  b e  s u c h  t h a t  no f u r t h e r  e x p l a n a t i o n  i s  needed. It was also  assumed 
t h a t  t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  s h e l l  was l a r g e ,  i n  o t h e r  words 
r 
h cos $r 
for  cones  wi th  la rge  cone  an .g les ,  and  for  po in ts  well away from t h e  
cone  apex;  however, f o r  small cone  angles,  and poin ts  near  the  cone  
apex the assumption i s  only  approximate, 
i s  much g r e a t e r   t h a n  zero. This  assumption is  obviously t r u e  
8.1.3  Frequency  Equation 
Befo re  p roceed ing  wi th  the  so lu t ion  o f  t he  d i f f e ren t i a l  equa t ions  
f o r  t h e  c o n i c a l  s h e l l  t h e  results t h u s f a r  w i l l  be grouped and put i n  
the  fo l lowing  form: 
1 2 2  cos 9 a 
E V  v 4)" - = 0 
2 




The only  d i f fe rence  be tween these  equat ions  and  the  ones  g iven  
p rev ious ly  i s  t h a t  t h e  Eh /12(l-v ) term has  been  replaced  by D ,  t h e  
p l a t e  s t i f f n e s s ,  and t h a t  t h e  Z body force has  been replaced by the  
i n e r t i a  f o r c e  of the  she l l ,  where  y i s  t h e  s h e l l  d e n s i t y  and w i s  the  
frequency of vibrati.on. 
3 2 
Since the main problem of  interest  i s  t o  o b t a i n  an  express ion  for  
the  resonant  f requencies  of  a v i b r a t i n g  cone ,  t he  so lu t ions  fo r  t he  
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stress funct ion and. the normal  displacement  w i l l  be confined to expr-es- 
s ions  of  the  form: 
w(x,e) = W(x) cos me rn = 2,3, a a ( 8 . 5 3 )  
@ (x,@) = &(x)  cos me m = 2,3,.. ,  (8 5 4 )  
It i s  t h e r e f o r e  assumed t h a t  t h e  c i r c u m f e r e n t i a l  modes are  
independent: of the 1,ongi tudinal  modes,  and tha t .  t he  mode shapes i n  t h e  
c i r c u m f e r e n t i a l  d i r e c t i . o n  a r e  s i n u s o i d a l  and uniform over the length 
of  the  cone .  In  o ther  words  for  a given mode number t h e r e  are  t h e  
same  number of c i r c u m f e r e n t i a l  waves a l l  t h e  way  up and down the cone 
su r face .   Subs t i t u t ing   equa t ions   (8 .53 )  and ( 8 . 5 4 )  into  equat . ions 
(8.51) and (8.52) and not.ing t.hat r and x a r e  r e l a t e d  ( r  = x s i n  \)I) t h e  
d i f f e r e n t i a l  e q u a t i o n s  may be  xpanded to   t ,he   fol lowing form.. I n  s o  
doing ,  the  independent  var iab le  x has been nondimensionalized by making 
t h e  s u b s t i t u t i o n  x = aL,  where L i s  the  s l an t  l eng th  o f  t he  coney  and 
a i s  t.he new dimens ionless  var iab le :  
(8.55) 
L 
( 8 - 5 6 )  
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I 
Equations (8.55) and ( 8 , 5 6 )  a r e  now two s i m u l t a n e o u s  d i f f e r e n t i a l  
e q u a t i o n s  i n  t h e  two dependent  var iab les  @ and W which are func t ions  
of t he  independen t  va r i ab le  a. The equa t ion  may be  so lved  by t h e  
Galerkin Method, as   has   been  pointed  out  by Godzevich  (1962).  In 
o r d e r  t o  u s e  t h i s  method i t  i s  f i r s t  n e c e s s a r y  t o  assume a s e r i e s  t y p e  
s o l u t i o n  f o r  t h e  unknown f u n c t i o n s  @(a)  and W(a>. The  assumed s o l u -  
t i o n s  to  be  used i n  t h i s  c a s e  a r e  o f  t h e  f o l l o w i n g  form: 
a2 
5 (a) = C An s i n   a n  (a-a,) 
n=l  
00 




t runcated  port ion  of   the  cone L t o  t h e  s l a n t  l e n g t h  o f  t h e  e n t i r e  
cone L. The i n t e g e r  n r e p r e s e n t s  t h e  number of h a l f  waves i n  t h e  
long i tud ina l   d i r ec t ion   a long   t he   cone .  The const.ants A and Bn a r e  
unknowns which are  to  be determined as  par t  of  the solut ion.  
t 
n 
The Galerkin method as explained i n  some detai .1 by Mikhlin (1964) 
e s s e n t i a l l y  imposed  an or thogonal i ty  condi t ion  be tween the  d i f fe ren . - .  
t i a l  e q u a t i o n s  w i t h  t h e  assumed s o l u t i o n s  s u b s t . i t . u t e d  i n t o  them, and 
the  assumed so lu t ions   themselves ,  I t  i s  this  orthogona1i. t .y  require.-  
ment  which i s  used to  0b ta i . n  the  cons t an t s  A and BnY o r  i n  t h i . s  c a s e  
i s  used to  obt :a in  the eigenvalue expression (frequency equat . ion)  ~ 
n 
Subs t i tu t ing   equat ions   (8 .57)  and ( 8 . 5 8 )  i n t o  t .he   d i f fe ren t . i . a l  
equat ions (8..55) and  (8.56)  and  insi.st.i .ng  that  he  resrilt.ing  expres- 
s i o n s   a r e   o r t h o g o n a l   t o  t:he assumed so l .u t ion  form ( s i n  a (a-a,) 1) 




so lv ing   t he   sys t em  o f   equa t ions   fo r   t he  unknowns A and B t h e  
de t e rminan t   o f   t he   coe f f i c i en t   ma t r ix  i s  set. equal   to   zero .   This  i s  
the  condi t ion  which  w i l l  l e ad  to  an  expres s ion  fo r  t he  e igenva lues  o f  
t h e  c o n i c a l  s h e l l .  The expres s ion  may b e  w r i t t e n  i n  t h e  f o l . l o w i n g  
form: 
n  n 
B1+m 2 
B 2 .  
2 w =  
B1 '3 
(8.59) 
f f i c i e n t .  where B B2> and B a r e   t h e   i n t e g r a l   p o r t i o n s   o f   t h e   c o e  1' 3 
matrix which occurred due to  the or thogonal i ty  condi t ion which was 
imposed. The integral   expressi .ons  are   evaluated  over   the  1engt .h  of 
the  cone,  or  from a = 0 and a: -. 1. Eva lua t ing  the  in t eg ra l  expres -  
s ions which occur  and subst i tut ing them in to  equa t ion  (8 .59 )  r e su l t s  
in  the  des i . red  express ion  for  the  e igenvalues  o f  a c o n i c a l  s h e l l .  
Thi.s expression i s  g iven  as  
4 
D n 5 2 m 2  an 3 1 a 
2 gcE EL2h (m s i n  $ 2an (La,)  + a n ( l  + T )  [T (1-a,? -. I ( L a l )  ] + 
w = [ +  ~ - . . "~ -. 
YL a n 2m an 3 1 (I-$) + a n ( l  + - (E [T (") .I - (l.-al) +. s i n  $ 2an 
2 l"al 2 4 m 4m n 1  4 3 2 2  a 
+("- 2)-+ + -  2 I g- ( 1 - q  - - 2 ( l - a l )  1 
-. - ~ 8an 
s i n  $ s i n  q t a n  $ 
4 +("" m 2 l-al 1 5 1 3 3 
4m -1 /Tis. ( l -a l> - - 2 2 2 (l-al> + 2 (1-aQ 1 s i n  q s i n  q 2an  4an 
( 8 . 6 0 )  
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It should be remembered that: aside from the assumptions made i n  
t h e  d e v e l o p m e n t  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s ,  t h i s  e q u a t i o n  is  a l s o  
dependent on the assumptions which were made i n  o b t a i n i n g  a s o l u t i o n  
o f   t h e   d i f f e r e n t i a l   e q u a t i o n s .  It was assumed tha t   t he   c i . r cumfe ren t i a1  
modes were s i n u s o i d a l  i n  n a t u r e  and the mode shape  in  the  c i r cumfe ren -  
t i a l  d i r e c t i o n  was cons is ten t  over  the  length  of  the  cone ,  and  tha t  
t he  c i r cumfe ren t i a l  modes were independent. of the longicu.dina1 modes. 
It  was a l s o  assumed tha t  t he  long i tud i .na1  mode shape could be approxi.- 
mat,ed by a s ing le  te rm series of the form given in equations (8.57) 
and  (8.58).  These  assumptions a l l   a p p e a r   r e a s o n a b l e ,  however expe r i -  
m.enta1 evidence regarding the mode shapes  ind ica t .es  tha t  they  a re  only  
approximations.  Equation  (8.60) w i l l  be   r e f e r r ed   t o   a s   f r equency  
equat ion one throughout  this  paper .  
8 . 2  Comparison of Frequency Equation One with Experimental  
R e s u l t s  i n  t h e  L i t e r a t u r e  
In  o rde r  t o  p rov ide  some form  of  check for  the  f requency  equat ion  
c i e s  p r e d i c t e d  by th i s  equat ion  (8 .60)  a re  compared with  experimental ly  
o b t a i n e d   f r e q u e n c i e s   a v a i l a b l e   i n   t h e   l i t e r a t u r e .  The r e s u l t s  of 
s tudies  conducted by Weingarten  (1965)  and  Lindholm  and Hu (1966) a r e  
used as  sources  of  experimental  data  for  this  comparison.  
The da ta  obta ined  by Weingarten  (1965) is  p r e s e n t e d  i n  t a b u l a r  
form in  Tab les  8 .1  and 8.2,  and the data  obtained by Lindholm  and Hu 
(1966) i s  presented   in   Tables   8 .3   and   8 .4 .   Relevant   da ta   concern ing  
the  cones  used  in  the  inves t iga t ion  i s  a l s o  g i v e n  i n  t h e  r e s p e c t i v e  
tab le  wi th  the  cor responding  da ta .  
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Table 8.1 E x p e r i m e n t a l   d a t a   i n   l i t e r a t u r e   ( 1 )  a 
Cone Angle (Q): 20° 
Length (L) : 14.14 inches 
Truncat ion (L ): 6.14  inches t 
Thickness  (h) : 0 . 0 4  inches 
Mate r i a l :  1020 s t e e l ,   r o l l e d  and b u t t  welded 








































a Weingarten  (1965);   taken  from  tables.  
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Table 8 . 2  E x p e r i m e n t a l   d a t a   i n   l i t e r a t u r e  ( 2 )  a 
Cone Angle ($) : 20° 
Length (L) : 14 14 inches 
Truncation (Lt,) : 6 . 1 4  inches 
Thickness  (h) : 0 - 0 2  inches 
Mate r i a l :  1020 steel ,  r o l l e d  and but t   welded 











1 2  





























~ ~~ ~~ 
a Weingarten ( 1 9 6 0 )  ; taken from t a b l e s  
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Table 8 . 3  E x p e r i m e n t a l   d a t a   i n   1 i t e r a t . u r e  ( 3 )  a 
Cone Angle ($) : 30 2O 
Length (L) : 15 7 inches 
Truncat ion (L ) : 6.94 inches t 
Thickness (h) : 0 0 1 inches 
M a t e r i a l :  Shi.m s t o c k ,   r o l l e d  and b u t t  welded 
"""".IL" "" .,."""""__ 
n f (Hz) f o r  n=l  f (Hz) f o r  n=2  f(Hz) f o r  n=3 
. ".."- :... . ~ . ~ . . 
5  6 70 - - 
6 5 10 - - 
7 4 10 - - 
8 395  9 80 - 
9 390 875 I 
10 40 0 80 0 .- 
11 4 20 7 60 - 
12 

























20 900  1195 14 70 
a Lindholm and Hu (1966) ; taken from graphs.  
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Table 8 . 4  Exper imenta l   da ta   in   1 i t . e ra t .u re  ( 4 )  
a 
Cone Angle ($) : 45.1' 
Length (L): 1 2 . 7  inches 
Truncat ion (L ) :  5.61  inches t 
Thi.ckness  (h) : 0 ,.01 inches 
Mat:erial: Shim s t o c k ,   r o l l e d  and  but.t  welded 




































80  5 














13  15 
1375 
1 4  10 
a Lindholm and Hu (1966) ; taken from graphs, 
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Using  the  informat ion  presented  in  each  tab le  concern ing  the  cone  
geometry  and  the  cone  mater ia l  in  conjunct ion  wi th  the  f requency  
e q u a t i o n  f o r  t h e  c o n i c a l  s h e l l  ( 8 . 6 0 )  t he  r e sonan t  f r equenc ie s  co r -  
r e spond ing   t o   va r ious  mode numbers a re   ob ta ined .   F igu res  8 , 4  through 
8.7  show t h e  r e s u l t s  o f  t h e s e  c a l c u l a t . i o n s  i n  g r a p h i c a l  form.  The 
resonant frequency i s  shown p l o t t e d  a s  a f u n c t i o n  of t h e  number of 
c i r cumfe ren t i a l .  waves (m.), and t h e  number of one-half   longitt idi .na1 
waves  (n) i s  shown as   the   parameter .  The experiment.al   values  pre- 
s en ted  in  Tab les  8.1 through 8 . 4  a r e  shown i n  t h e  r e s p e c t i v e  f i g u r e  
p e r t a i n i n g  t o  each  cone  studied. Hence F igu res  8 . 4  through 8.7 o f f e r  
a quick comparison between the experimental  re.sul. ts  and the analytical  
r e su l t s  based  on equat ion ( 8 , 6 0 ) .  
A study of  Figures  8 . 4  through 8.7  i n d i c a t e s  t h a t  t h e  f r e q u e n c y  
equat ion  developed  in  sec t ion  8.1 is  by no  means exact ,  but  does re-  
f l e c t  t r e n d s  of   f requency  var ia t ion  with  changing wave numbers.  Since 
the purpose of t he  inves t iga t ion  unde r t aken  i n  t h i s  pape r  is  not  to  
ob ta in  d i sc re t e  f r equency  va lues ,  bu t  r a the r  t o  s t u d y  t h e  o v e r a l l  
v a r i a t i o n  of frequency with r e s p e c t  t o  mode number, it is f e l t  t h a t  
the agreement obtained i s  s u f f i c i e n t  f o r  t h e  p u r p o s e  a t  hand. 
8 . 3  Computer  Program for  Numerical  k.-Space  Integration 
8.3,1 Desc r ip t ion  of  Program 
The gene ra l  equa t ion  (3.25) used in  the  eva lua t ion  o f  t he  k - space  
i n t e g r a l  h a s  a l r e a d y  b e e n  d i s c u s s e d  i n  some d e t a i l .  I n  t h i . s  s e c t i . o n  
a general  out l ine of  the program used to  accomplish the integrat ion 
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FIGURE 8.7 COMPARISON OF FREQUENCY  EQUATION ONE W I T H   V A L U E S   I N   T A B L E  8.4 
This program may be broken down i n t o  f ive s e p a r a t e  p a r t s ;  t h e  
main  program o r  c o n t r o l  s e c t i o n ,  two function subprograms, and two 
subrout ines ,   p lus   data   on  the  cone  geometr ies   s tudied.  The two func . 
t i o n  subprograms define the upper and lower boundaries of t he  space  as 
func t ions   a s   g iven  by equa t ion  ( 3 . 2 3 )  The f i r s t .   o f   t h e   s u b r o u t i n e s  
i s  a s t anda rd  l i b ra ry  subprogram used  to  f ind  the  r ea l  and  imag ina ry  
ro0t.s of a polynomial by Newton Raphson. i . terat ion  techniques, ,   This  
subprcgram i s  used to  so lve  the  cub ic  po lynomia l  ( 3 , 2 4 )  which  :yields 
the  upper  and  lower 1imit.s of   the  k-space.  The second  subrout ine i s  
a l s o  a s t a n d a r d  l i b r a r y  s u b r o u t i n e  u s e d  t o  e v a l u a t e  i n t e g r a l s  b y  
Simpson's  Rule.  This  ubprogram i s  used t o  eva lua te   t he   i n t . eg ra1  over 
the  upper  and  lower  bounds of t he   space  ( 3 . 2 6 )  The mai.r, program  pro .. 
vides  for  input  and  output :  of information and serves t o  c o o r d i n a t e  t h e  
various  subprograms  and  subroutines 
The basic  sequence of events  i s  i n d i c a t e d  i n  F i g u r e  8.8. The 
program  begins by inpu t t ing  the  da t a  conce rn ing  the  cone  t o  be analyzed. 
Each  da t .a  card  conta ins  the  da ta  for  one  cone  i n  the fol lowing sequence, ;  
cone  angle ,   length,   t runcat ion  length,   t .h i ,ckness ,  Young's modulus, 
P o i s s o n ' s   r a t i o ,  and the   dens i ty .   This   da ta  i s  then   used   to   genera te  
seve ra l  cons t an t s  wh ich  a re  needed  in  the  equa t ions  to  be  so lved .  
Then, a n  i n i t i a l  d i m e n s i o n l e s s  f r e q u e n c y  v a l u e  i s  ca lcu la ted  and  
s e v e r a l  more. constants dependent on t h i s  param.et.er a re  de te rmined ,  
The f i r s t .  sub rou t ine  i s  then cal led and pr0vi.de.d w i t h  t h e  r e q u i r e d  
i.nformation. The subrout : ine   so lves   the   cubic   equat ion   g iven  i t ;  and 
re t .u rns   the  ro0t.s t o   t he   ma in  program.. The main  program  t.hen  picks  t,he 
appr0pr i a t . e   roo t s   t o  be the   l imi t . s   o f   t he  k..spac.e i n r e g r a l .  The  second 
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FIGURE 8.8 DIAGRAM OF N U M E R I C A L   K - S P A C E   I N T E G R A T I O N  
P R O G R A M  
subrou t ine  i s  t h e n  c a l l e d  and provided with the appropri .ate informa-.  
t i o n  s u c h  as t h e  limits and  t:he  upper  bound function  subprogram. The 
subrou t ine   ca l cu la t , e s  the va lue   o f   t he   i n t eg ra l   and   r e tu rns  it. The 
subrout i .ne i s  c a l l e d  a second time and given the same informat ion  
e x c e p t   t h a t  the lower bound fu.nction  subprogram. is  used.   This   value 
i s  returned and subtracted from the value obtained previously;  the 
f ina l .  va lue  for  the  cumula t . ive  number of ei.genva.lues i.s t.hen  prinz.ed 
out   a long   wi th   the   cor responding   d imens ionless   f requency .  The  dimen- 
s ion less  f requency  va lue  i s  then increased and the above procedure 
r e p e a t e d  u n t i l  a suf f ic ien t  range  of  d imens ionless  f requency  va lues  
have been covered. 
Between each  success ive  ca l cu la t ion  o f  t he  cumula t ive  number o f  
e igenvalues ,  the  e igenvalue  dens i ty  i s  obta ined  by dividing the change 
i n  number of e igenvalues  by the change in  dimensionless  f requency.  
This  information i s  a l s o  p r i n t e d  o u t  a l o n g  w i t h  a corresponding value 
of  d imens ionless  f requency  equal  to  the  va l .ue  ha l f  way bet,ween t.he. 
va lues  cor responding  to  the  number of  e igenvalues  used in  the deter- .  
minat ion of the   e igenvalue   dens i . ty ,   Af te r  a s u f f i c i e n t  number of 
dimensionless  f requencies  have been used the data  for  a new cone i s  
se l ec t ed  and  used  in  the  same manner as  above, A l l  t h e  r e s u l t s  ob- 
t a ined  m a y  be  p r in t ed  e i the r  i n  no rma l i zed  form o r  m e r e l y  i n  t,he form 
given i n  equat ion  ( 3 . 2 6 )  
A copy of the a c t u a l  program used on an IBM 360 model ‘75 computer 
w r i t t e n  i n  G level For t r an  appea r s  i n  the  nex t  subsec t ion .  
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DOUBLE P R E C I S I O N   C O N E  (22,7) 
DOUBLE P R E C i S i O N   X C O F  ( 4 ) ,  COF (4), ROOTR( 3), R O O T I  (3) 
DOUBLE P R E C I S I O N  A, DEG,  ANGL, RL,XI ,AL,  H, E, RATO,  DEN, G, C 1 ,   C P , A L l ,  
*AL2,   AL3,  A-i.4,AL5, SDFR,  DFRE, S, T, U, B, SU, SL, DN, DELDN, DNO, DELDF, 
JcDFREIM, DM, DFREQ 
COMMON A L l Y A L 2 , A L 3 , A L 4 , A L 5 ,   C l . ,   C 2 ,   S D F R  
EXTERNAL UPPER, LOWER 
10.0 FORMAT( ' 1 ' , ' INTEGRATION OF K-SPACE FROM 2ND FREQUENCY EQUATION 
+<TO GET D-NUMBER. OF MODES I / /  '0 ' , 'ANGLE='  ,F7 4,,  3X, ' LENGTH RATIO 
* = ' , F 6 , 4 , 3 X ,  ' T H I C K N E S S = ' , F 6 . 4 , 3 X ,  ' L E N G T H = ' , F 8 . 4 / / )  
200 FORMAT ( 7F 10 e 0) 
300 FORMAT( '0 ' , D-FREQUENCY  D-NUMBER  MODES  -.FREQUENCY 
400 FORMAT('  ' ,F10.3,D15.5,F20.3,Dl5~5,313,216) 
*D-MODAL D E N S I T Y  ' //) 
INPUT  OF   CONE DATA 
READ(1,200)((CONE(I,Jj,J=1,7),I=lJ22) 
DO 1 K = l ,  22 
DEG=CONE(K, 1) 
A N G L = D E G / 5 7 . 2 9 5 7 7 9 5 3 1  
RL=CONE  (K, 2) 
XI=CONE  (K, 3) 
H=CONE(K, 4) 
E=CONE  (K, 5) *1. D 2  
RATO=CONE  (K, 6) 
DEN=CONE(K, 7) 
G=3  8 6 4 D 2  
Cl=(HJ~J~2)/(1.2DlJ~(R.LJ~J~2)J~(1.DO-(RATOJ~*2))) 
C2=DCOTAN(ANGL) JcJc2 
A L 1 = 1 .  DO-AL 
A L 2 = 1  DO-ALgc* 2 
A L 3 = 1  DO-AL9<*3 
A U = 1  DO-ALJcJc4 
AL=XI/RL 
AL5,=1  DO-ALJc*5 
I D E N T I F I C A T I O N  OF CONE 
W R I T E (  3,100) DEG,AL, H, R L  
WRI.TE( 3,300) 
D F R E 4  09 25 DO 
D N O 4  Do 
DFREQ=O Do 
LOOP ON DIMENSIONLESS  FREQUENCY 
DO 2 L = l p  100 



















































S=-(3. DO*AL2/AIk+2.  Do*SDFR*AL5/(5.   DO*AU*DSQRT(C1*C2))) 
T=2. W+cSDFR*AL3/(ALk*DDSQRT(Cl*C2)) 
U=-3. DWSDFR*ALl/(AU*DSQRT(ClW2)) 
XCOF (1) =U 
XCOF (2) =T 
XCOF (3) =S 
XCOF ( 4 )  =I. O D 0  
S O L U T I O N   O F   C U B I C   T O   O B T A I N   U P P E R   L I M I T   O F   C K 1  
CALL  ROOTS  (XCOF , COF , 3 , ROOTR,  ROOT1 , I C )  
A=DS  QRT  (ROOTR ( 2) ) 
B=DSQRT(ROOTR(3))  
S I M P S O N   I N T E G R A T I O N   O F   U P P E R  BOUNDRY 
CALL BOBYJO(UPPER,A,B,1.D-3y10,S1U,SU,NU,IERU) 
SIMPSON  INTEGRATION  OF  LOWER  BOUNDRY 
CALL  BOBYJO(LOWER,A, B, 1. D - 3 , 1 0 ,  S lL ,  SL ,NL, ,   IERL)  
CALCULATION  OF  AREA  OF  K-SPACE 
DN=SU-SL 
DN=DN*H/ (DSQRT(DTAN(ANGL) ) j *DSQRT (DSQRT ( A n )  ) /RL 
DELDN=DN-DNO 
DELDF=DFRE-DFREQ 
DFREM=DELDF/2.  DO+DFREQ 








Upper B o u n d  Funct ion  Subprogram 
D0UBL.E   PRECISION  FUNCTION  UPPER(X)  
DOUBLE P R E C I S I O N  AL1,AL2,AL3,ALk,AL5,,C2,CK1,T,U,V,W,SDER 
COMMON AL1,AL2,AL3,AL4,AL59Cl,CZ,SDFR 
C K 1  =X 
T=AL1/2  W 
U=C2” ( (AUYc (CKlX*4) /8 DO) - (3  DO*AL2+c (CK1*+<2) /8 DO) ) **2 
V=(AL5*(CK1**4) / lO  Dl )   - (AL3*(CK1**2) /2 .  DO) +(3. DOkAL1/4 .  DO) 
W=Cl+c  (CKl+c*4) 
I F  (V*SDFR/(2.  DO*W*T)) 1 ,2 ,2  
1 UPPER=O.O 
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011 GO TO 3 
012 2 CONTINUE 
0 13 UPPER=DSQRT(DSQRT(  (VJrSDFR/(2.   DOJcW*T))+c(l .   DO+DSQRT(DMAX1(1 
014 3 CONTINUE 
0 15 RETURN 
0 1 6  END 
9 ~ 2 5 ,  ( l .DO-(4.DOJWcW/((V*SDFR)**2))))))))  


















DOUBLE  PRECISION  FUNCTION  LOWER(X)  
D O U B L E   P R E C I S I O N  AL1,AL2,AL3,AL49AL53C1,C2,CK1~T,9U,V,yWySDFR 
COMMON A L 1 y A L 2 y A L 3 , A L k , A L 5 p C 1 ,   C 2 ,   S D F R  
CK 1. =X 
T = A L 1 / 2  I DO 
U=C2Jr(  (AL4J<(CKlJCJc4)/8. DO) -(3.  DO*AL2Jc(CKlJcJc2)/8.  DO))*Jc2 
V=(ALSYc(CK1**4)/1. D l )   - , ( A L 3 * ( C K l J c * 2 ) / 2 .  DO) "(3. DOJrAL1/4. DO) 
IF (VJ%~DFR/ (~ .DO*WJCT))  1 , 2 , 2  
1 L O W E R 3 . 0  
GO TO 3 
2 CONT.1 NUE 
LOWER=DSQRT(DSQRT(  (VJrSDFR/(2.   DO*W*T))*(l , ,   DO-DSQR'I(DMAXl(l- ,D- 
WZC1Jr  (CK1JrJr4) 
























SUBROUTINE ROOTS (XCOF COF,M, ROOTR,? ROOTI, LER) 
D.IMENS ZON XCOF (1) -9 COF.( 1.) ROOTR( 1) .y R O O T I  (1) 
DOUBLE  PRECISI.ON X0,Y0,X,Y,XPR,yYPR,UX,UY,V,YT,XT,U,XT2~9YT2j 
DOUBLE  PRECISION  XCOF,COF,ROOTR,ROOTI 
I F I T 4  
N=M 
I E R = O  
I F  ( X C O F ( N + l ) )  10,25? 10 
J rSUMSQ,  DX,  DY,, TEMP,,ALPHA 
10 I F  (N) 15,15,32 
15  I E R = l .  
20 RETURN 
30 IER=2 
32 I F  ( N - 3 6 )  35,35,30 
35 NX=N 
NXX=N-tl  
N 2 = 1  
C 4  TO 20 
GO TO 20 
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0 20 K J 1 =N +l 
0 22 MT-KJl-L-kl 
0 23 40 COF (MT) =XCOF (L) 
0 24 45 XO=.. 00500 10 1. 
0 25 Y O 4  Y 0 1000 10 1 
0 26 SN=O 
027 50 X=XO 
0 28 xo=.- 10 O*YO 
0 29 YO=-lO Y o*x 
0 30 x=xo 
031 Y=YQ 
032 I N - I N + ]  
0 33 Go TO 59 
034 5 5  I F l T = I  
0 35 XPR. =X 
0 3 6  YPR=Y 
03'7 59 PCT=O 
038  60 UX=03.0 
0 39 UY=O.O 
0 40 V=O"O 
0 4 1  YT=O 0 
042 X T = l u  0 
0 4 3  U-COF (N+1) 
0 44 IF (U) 65,?  130,65 
045  65 DO '70 .I=l.,N 
046  L=N ...I+ 1
04'7 TEMP=COF (L) 
0 48 XT2=X+cXTm.Y+eYT 
0 49 YT2=X*YT+Y*XT 
0.50 U=U+TEMP*XT2 
051 V=V+TEMP+:YT2 
052 F I=I 
0 5 3  UX=LX+FT*XT*TEMP 
0 5 4  UY=W-FX*YT*TFMP 
055  XT=XT2 
056  '70 YT=YT2 
05'7 SUMSQ=UX*UX+UYWJY 
058 I F  (SUMSQ) 75,lI.O  75 
0 60 X=X+DX 
0 6 1  DY=- (U*IJY+VJcuX) /SLJMSQ 
062 Y .=:Y  +DY 
0 6 3   7 8  IF (DABS(DY)+DABS(DX)-lu0D.-O5) 1.0OJ8O,80 
0 6 4  80 %CT=I .GT+l  
0 65 'IF (IGT.-.500)  6 ,85  85 
066  85 IF ( I F T T )  100,90,100 
067 90 IF (:IN-5)  0,95,95 
068  95 .IFR-.3 
0 69 Go TO 20 
0 70 100 DO 105 L=l,NXx 
0 21 DO 40 1=1. ,KJ l  
059  75 DX=.(V*UY-U*UX)/SUMSQ 
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071  MT=KJl-L+I 
072 TEMP=XCOF  (MT) 
073  XCOF  (MT)  =COF (L) 
0 74 105 COF (L) =TEMP 
0 75 ITEMP=N 
0 76 N=NX 
077 NX=ITEMP 
0 78 IF  ( IT)  120,55,120 
079 110 IF  (IFIT)  115,50,115 
080  115 X=XPR 
081 Y=YPR 
082  120 I F I T 4  
083  122  IF (DABS(Y/X) -1.OD-04) 135,125,125 
084  125 ALPHA=X+X 
0 85 SUMSQ=XJCX+YJCY 
086 N=N- 2 
087 GO TO 140 
088  130  X=O-0 
0 89 NX=NX-l 
090 NXX=NXX- 1 
0 9 1   3 5   Y 4 - 0  
092 SUMSQ=O 0 
093 ALPHA=X 
094 N=N- 1 
0 9  5 140 COF (2) =COF (2) +ALPHA*COF ( 1) 
096  145 DO 150 L=2,N 
097  150  COF(L+l)=COF(L+l) +ALPHA*COF(L)  -SUMSQ+CCOF(L-l) 
098  155 ROOTI(N2) =Y 
099 ROOTR(N2) =X 
100 N2=N2+1 
102  160 Y=-Y 
10 3 SUMSQ=O 0 
10 4 Go TO 155 
105  165  IF (N) 20,20,45 
10 6 END 
10 1 I F  (SUMSQ) 160,165,160 
8 , 3 . 6   S u b r o u t i n e   f o r   N u m e r i c a l   I n t e m a t i o n  
00 1 SUBROUTINE BOBYJO (F,A, B, DEL, IMAX, SI1, S,N, IER) 
00 2 DOUBLE PRECISION A, B, DEL, SI.1, S, M , X ,  SUMK,FRSTX,M(,FINC,F 
00 3 S I 1 S  e DO 
004 D=O.ODO 
005 N=O 
00 6 BA=B-A 
00 7 I F  (BA) 20,19,20 
008  19 I E R = 1  
009 RETURN 
010 20 IF(DEL) 22,22,23 
011 22  IER=2 
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DO 28 I=2,IMAX 
SI l=S 






KM.S T=NHAIP - 1. 
DO 26 K=l,KLAST 
XK=XK+F ZNC 
26 SUMK=SUMK+F (XK) 
SUMK=SUMK *2=0 DO* EA/ (3.0 *ANHLF) 
s =s +sum 
F INC=BA/ANHW 
27 IF(DABS(S.SIl)-DABS(DEL*S)) 29,28,28 
28 CONTINUE 
I E R - 4  
GO TO 30 




8.4 Comput.er  Program for  Numerical  Count  of  Eigenvalues 
8.4.1 Description  of  Program 
T h i s  s e c t i o n  c o n t a i n s  a computer program which w i l l  de te rmine  the  
cumulati.ve number of  e igenvalues  by count ing them numerical ly  f rom the 
frequency  equat ion.  The program  used to   accompl ish   the   count ing   pro-  
c e d u r e  i s  fair1.y s imple and i s  d e s c r i b e d  i n  b l o c k  form i n  F igu re  8.9. 
A copy of t h e  program used on an 1.m 360 model 75 compute r  wr i t t en  in  
G l e v e l  F o r t r a n  may be found i n  t h e  f o l l o w i n g  s u b s e c t i o n .  
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m J. - 
FILTER-FILTER FILTER "-L. -FILTER  "-rFILTER 
1 .  J - r  1 r J 1 :  
,+ I I - 1 J 





TOTAL  COUNT  FOR 
E A C H   F I L T E R  
F I G U R E  8.9 D I A G R A M   O F   N U M E R I C A L   E I G E N V A L U E  COUNT 
P R O G R A M  
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The. program begins  by input t ing data  on the cones to  be analyzed.  
The da ta  cards  used  are  the  same a s  f o r  t h e  program descr ibed in  
s e c t i o n  8 , 3 ,  Severa l   necessary   cons tan ts   for   the   cone   geometry   a re  
ca1,culated and then i .ni t ia1 valu.es  for  the number of c i r c u m f e r e n t i a l  
waves (m-2) and  the number of   one  half   longi . tudina1 waves ( n = l >  a r e  
s e t ,  The cor responding   f requency   for   these  wave  numbers i s  c a l c u l a t e d  
and put.  i.n dimensionless form. Th i s  freqrjeacy i s  then   fed   in to  a 
series of IF s t a t e m e n t s   w h i c h   a c t   a s   f r e q u e n c y   f i l t e r s .  Once t h e  
ca lcu la ted  f requency  becomes less than  one  of  the f i l t e r  f r e q u e n c i e s  
i t  i s  counted as  being contained under  that  f requency and a l l  succeed-. 
i .ng  frequ.encies,  This  process i s  r epea ted   un t i l   t he   des igna ted   r ange  
of m and n values have been covered whereupon the number of modes 
conta ined  under  each  f i l t e r  va lue  i s  p r i n t e d  o u t ,  The count  under 
e a c h  f i l . t e r  i.s consi.dered to be complete when a f u r t h e r  i n c r e a s e  i n  m 
and n produces no change i n  th .e  resu1t:s..  The program  then moves  on t o  
the  next  coney  and  t ,he  enti .re  process is  repeated,  
The program  has  one  major  drawback,  and t h a t  i s  i.t. i s  ve ry  t i m e  
consuming.  Using  the  computer  cited  above  run times of approximately 
two mi.nute,c per cone were needed fo r  t he  coun t  t o  be  comple t e  fo r  
va lues  of dimensionless  frequencies up to   for ty .   This   cor responds   to  
around a hundred-thousand  f requency  calculat ions p e r  cone.  Careful 
s e l e c t i o n  of f i n a : l  a n d  i n i t i a l  m and n va lues  could  grea t ly  decrease  
t h e  time needed,  however, t h i s  wou1.d be  d i f  f i cu1 . t  t o  do without  f i rs t  
making s0m.e f requency  ca lcu la t ions .  
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8 , 4 . 2  Main Program. 
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DOUBLE PRECISION CONE(12,7),DN(2O),DM(2O),DF(1,20) 
DIMENSION M(21) , N ( 2 1 )  
INTEGER 0,P 




100 FORMAT( ' 1 ' , 'NUMBER  TO EIGENVALUES FOR A CONICAL SHELL UP TO 
+<THE G I  VEN DIMENSIONLESS FREQUENCY'/'O ', 'ANGLE=',F6.3,4X, 
*'LENGTH IZATIO=',F6.4,4X, 'THICKNESS =',F6.4,4X, 'LENGTH =', 
9 ~ F 6 ,  S/ ' 0  ', 'DTMENSIONLESS FREQUENCY MULTI:PLIER=',FlO, 4) 
500 FORMAT( ' 0 ' , ' LOWER DTMENSIONLESS RING FREQUENCY= ' , F10 41  ' 0 ' , 
* 'UPPER DIMENSIONLESS RING FREQUENCY=' , F10 4/) 
600 FORMAT( ' O T 9  'LOWER DIMENSIONLESS RING FREQUENCY=.',F10,4/'0 ', 
200 FORMAT (20F4 0) 
300 FORMAT ( '0  ' , ' D-FREQUENCY ' , 9X, ' D-MODES ONE' , 9X, D-MODES TWO 
+<'UPPER DTMENSIONLESS RING FREQUENCY IS INFINITE'/) 
7tMODES  ONE  MODES TWO I / / )  
FORMAT( ' ' ,F11 .2 ,2D2025;  2112)  
lNPUT OF  CONE  DATA 
READ(1,99) ((CONE(%,J),J=1,7)pI=~y12) 




LOOP. ON DIFFERENT CONES 
1 K=l. ,12 
INITIAL'LZE TOTAL  COUNTS  AT  ZERO 
700 L=19 21  
M(L) =O 
N (L) ,=O 
CONT .LNU E 
DEGCONE (K, 1) 
ANGL=DEG/57.295779531 
RL=CONE (K, 2) 
XI.=CONE (K, 3) 






C2=(H9<*2)/(10  2Dlg<(RL**2)*(1. Do-(RATO>k9<2))) 
C3=(DCOTAN(ANGL)**2) 



















































IDENTIFICATION OF CONE 
LOOP ON LONGITUDINAL NUMBER OF  WAVES 
DO 2 P=l,KONT 
FN-PJr3.. 1415926356 
A2=(  (AU*(FN**2))/(8. DOk(ALl**2))) - (  (3. DOgrAL2)/(8*  DO)) 
A3=((AL5)/(1.D1!)I((AL3*(AL19<:r*2)) / (2 .M3*(FN**2)))+((3.DO~c(AL1 
JcJc*5) ) / (4 DW (FN*f<4) 1) ) 
LOOP ON CIRCUMFERENTIAL NUMBER OF WAVES 
DO 3 O=2,KONT 
FMl=(l-DO) +((2.  DO~c(O*~k2))/(DSIN(ANGL)*+2)) 
FM2=( (O*J<4)/(DSIN(ANGL)*>k4))-((4.  DO*(O**2))/(DSIN(ANGL)*9~2)) 
FM3=(AL1*(0**4))/(2, DO*(DSIN(ANGL)*fc4)) 
A l = ( ( F N ~ ~ * 4 ) ~ A L 5 ) / ( 1 . D l * ( A L l * ~ ~ 4 ) ) + ( ~ l ) * ( ( A L 3 * ( F N * J ~ 2 ) ) / ( 6 ' O D l J ~  
* (ALlJc9~2) - (AL.1) / (2  DO) ) =(FM2*AL1) / (2  DO) 
CALCULATlON  OF  DIMENSIONLESS  FREQUENCY  FROM  EQUATION ONE 
SFRI.=.( 62* (A19rJc2)) +( C3* (A29~9~2) ) / (Al*A3) 
DFRI=DSQRT (SFR1) 
CALCULATION  OF  D'IMENSIONLESS  FREQUENCY  FROM.  EQUATION TWO 
SFR~:=(  (C2* (M3Wr2) ) +( C3-/r  (A2*9<;2) )  / (FM3kA3) 
DFR2zDSQRT (SFR2) 
EQUATION ONE FILTERS 
IF  
6 1.F 
8 I F  
10 I F  
12 IF 
14 I F  
16 I F  
18 I F  
20 IF 
22 IF  
24 I F  
(DPR1-5. OD-].) 5,5,6 
(DFR1-1, ODO) 7,7,8 
(DFR1-I., 5DO) 9,9,10 
(DFR1-2. ODO) 11., 1 1.2 
(DFR1-2.5OD) 13,13,14 
(DFRL3,ODO) 15, 15,9 16 
(DFR1.-3,5DO) 1 7 , 1 8  
(DFR1.-4, ODO) 19,19,20 
(DFR1-4. 5DO) 21 21., 22 
(DFRl-5 ,. ODO) 23,23,24 

















































10  5 
10 6 
10 7 
10  8 
26 I F  (DFR.1-7, ODO) 27,27:, 28 
28 IF  (DFR1-8,ODOj 29,?  29,30 
30 I F  (DFR1-9,ODO) 31,31,32 
32 1.F (DFR1-I., OD1.) 33,33.,  34 
34 7'F (DFR1-I.. 5D1) 35,35,36 
36 IF (DFR1.-2..ODL) 37,37,38 
38 1.F (DFR1-2.. 5D1) 39,39,40 
40 1.F (DFR1-3. @ D l )  41,41.,42 
42 IF (DFR1.-4.OD1) 83,83,84 
EQIJATION ONE COUNTERS 
.5 N(1) =N(l) +1 
7 N(2) =-Y(2)+1 
9 N(3) =N(3) +I 
11 N(4):=.N(4) 4-1 
1 3  N(5) =N(5) +I 
15 N(6) zN(6) +I 
1 7  N( 7) z.N(7) +1 
19  N(8)  =N(8j +1 
21 N(9:) =N(9) +1 
2 3  N( 10) -N (10) +1 
25 N(l .1 . )  =N(11.) +l 
27 N(1.2) =N(12)+1 
29 N(1.3) ==N(13) +1 
31 N (14) =N (14) +1 
33 N(15)=N(l.5) +I 
35 N( 16) =N( 16) -t.l 
37 N(17) =-N( 17)  + l  
41 N(19)  -N(19) +I 
83 N(20j-N(20j -tl 
84 N(21) =N(21) +1 
39 N (1 8 )  =N (18) .tl 
EQUATION TWO F I.LTERS 
I F  (DF'R2.-5.  D-1) 43,43,44 
44 1.F (DFR2-l.ODO) 45,45,46 
46  IF (DFR2-1.5DO) 47,47,48 
48 :IF (DFR2-2. ODO) 49,49,50 
50 1.P' (DFR2-2.5DO) 51,51,52 
52 I F  (DFRZ-3.ODO) 53,.53,54 
54 .IF (DFR2-33DO) 55,55,56 
56 IF  (DPR2-4,ODO) 57,57,58 
58 IF (DFR2.-4,5DO) 59,59,60 
60 I F  (DFR2-5,ODO) 61,61,62 
62 I F  (DFR2-,6,ODO) 63,63,64 
64 :IF (DFR2.-?..ODO) 65965,66 
66 IF  (DFR2-8.ODOj 67,6?, 68 
68 1.F (DFR.2.-9 ODO) 69 69,70 










































72 I F  (DFR2-1.5Dl) 73,73,74 
74 I F  (DFR2-2,ODl) 75,75,76 
76 I F  (DFR2-2.5D1) 77,77,78 
78 I F  (DFR2-3.0D1.) 79,79,80 
80 I F  (DFR2-4.OD1) 81,81,82 
EQUATION TWO COUNTERS 
43 M ( 1 j  =M( l )  +I 
45 M(2) =M(2) +1 
47 M(3) =M(3) +l 
49 M.( 4)  "(4) +I 
51  M(5) =-M(5) +I 
5 3  M(6j =M(6j 4.1 
55 M ( 7 j = M (  7) -Fl 
57 M(8)  =M(8) +1 
59 M(9 j =M(9) +l 
6 1  M( 10) =M(10) "1 
63 M( 11) =M( 11) +1 
65 M( 12) :=M( 12) +1 
67 M(13) =M( 13) +1 
69 M( 14) =M( 14) +l 
71 M(15) =M( 15) +1 
73 M(16) =M( 16) +1 
75 M(17) =M(17) +l 
77 M(18) =M(18) +1 
79 M( 19) =M( 19) +1 
81 M( 20) =M( 20) +1 
82 M(21)=M(21j +I 
3 CONTINUE 
2 CONTINUE 
CALCULATlON  OF R I N G  FREQUENCIES 
DFRL=1 DO/DSIN (ANGL) 
I F  (AL) 95,96,95 
95 DFRU=1. DO/(DSIN(ANGL)*AL) 
WRITE( 3 500) DFRL, DFRU 
GO TO 1000 
96 WRI,TE(3,600) DFRL 
143 1000 FNOR=ALl*DSI.N(ANGL)/(3.14151926356) 
1.44 WR,ITE(3,300) 
145 DO 800 KL=1,20 
C 
C NORMALIZATION  OF RESULTS  OF C N  
C 
146 DN(KL) =N(KL)/FNOR 
14 '7 DM ( KL) =M ( KL) /FNOR 
C 
C PRINT OUT  OF  RESULTS I N  NORMALIZED AND ACTUAL FORM 
C 
1L8  WRITB(3,900) DF(1,K.L)9DN(KL),LM(KL),N(K.L),M(KL) 
124 
149 800 CONTINUE 
150 1 CONTI.WE 
15 1 STOP 
15 2 END 
8.S L i s t .  of Symbols 
a n 
cL 
n.nj (1 .LX~) 
ve1oci . r .y  of  longi tudinal  wave i n  s h e l l  m a t . e r i a 1  x -  
Y 
D s t i . f f .ness  of .  .?hel.~. :: ~5~/12(1 . .v ’ )  
E modulus  of  el .asti .ci ty of s h e l l   m a t e r i a l  
gC gravit.ationa1. const.ant. (32.2 lbm f t / l b f  s e c  ) 
2 
h thi.ckness of s h e l l  
kl 
k.2 
longitu.dina1 wave number = a 
c irc11m.f e ren t . i . a l  wave  number = m/si.n $ 
n 
L length  of cone,  ap x  to b s   sl .ant  1engt.h 
=t length  of  cone  truncation,  apex  to  top  slant  1engt.h 
Mxz8Me,Mxe2Mex hending moment r e s u l t a n t s  on she l l   e l emen t  
number o f  c i r cumfe ren t i a l  wav-es m = 2,3,4, I 
cumulat.ive number of ei.genvalues up t o  frequency A 
Nx.9 Ne normal. st.ress r e s u . l t a n t s  on she l l   emen t  
Nxey Nex shea r  stress r e s u l t a n t s  on she l l  e l emen t  
n  number of  one-half  longit.udina1  waves n = 1,2,3, ., , 
n ( Q  modal o r  e igenva lue   dens i ty   w i th   r e spec t  t o  X 
QXJ Qe c ransve r se  shea r  stress r e s u l t a n t s  o n  s h e l l  e l e m e n t  
R radius of a c i r c u l a r   p l a t e
r rad ius   o f cone   perpendicular   to cone   ax is
U d i sp lacemen t   i n   x -d i r ec t ion  
V disp lacement  in  0-d i rec t i .on  
125 












bod:y f o r c e  i n  x - d i r e c t i o n  
c o o r d i n a t e  a l o n g  s h e l l  s u f a c e  
bodj, fo rce  pe rpend icu la r  to t h e  x - z  p lane  
body f o r c e  i n  t.he z.-di.rect ion 
coo.rdinat:e  normal t o  s h e l l  s u r f a c e  
tr.uncat.i.on r a t i . 0  = L ~ / L  
densi . ty  of s h e l l  v . a t e r i a 1  
shear :  s t . ra in  due t o  ex tens ion  of mid'dle su.rface 
t .o ta1  s h e a r  s t r a i n  
change in  1ong i . t ud ina l  wave number '2 n/ (1-a ) 1. 
change i n  c i r c u m f e r e n t i a l  wave  number 2 l / s i n @  
normal s t r a i n s  due to  ex tens ion  of  middle su.rface 
t.ot:al normal s t . ra ins  
co0rdi.nat.e around surface of s h e l l .  pe rpend icu la r  t o  ax i s  
dimensionless  frequency, h = LU L T/gcE 
Poisson's r a t i o  f o r  s h e l l  m a r e r i . a l  
ncrmal. s tresses 
shea r  s t . r a in  due  t o  bending 
s h e a r  s t r e s s e s  
normal. s t r a i n  due t o  bending 
2 2 2  
s cress  func t ion  
one ..hal,f cone angle at apex 
angular  f requency? w = 2nf 
volume deformation 
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